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Wklv sdshu dqdo|}hv wkh srvvlelolw| wr jhqhudwh uhdo lqghwhuplqdf| dqg htxloleuld zlwk
vkruw0uxq qrq0qhxwudolw| ri prqh|/ dv revhuyhg lq wkh gdwd/ lq d udwlrqdo h{shfwdwlrqv
prgho zlwk  h{leoh sulfhv/ frqvwdqw uhwxuqv wr vfdoh lq surgxfwlrq dqg frqvwdqw prqh|
jurzwk uxohv1
Prqhwdu| prghov riwhq hqwdlo wkh srvvlelolw| ri lqghwhuplqdf|/ lq wkh irup ri d frq0
wlqxxp ri htxloleulxp sdwkv frqyhujlqj wr wkh vwhdg| vwdwh1 Xqghu wklv nlqg ri
lqghwhuplqdf|/ d prgho zlwk pdunhw0fohdulqj dqg udwlrqdo h{shfwdwlrqv fdq h{sodlq
wkh vkruw0uxq qrq0qhxwudolw| ri prqh|/ ehfdxvh lw jhqhudwhv htxloleuld wkdw uhsolfdwh
wkh vhtxhqfh ri uhdo hhfwv revhuyhg lq wkh gdwd1 Iroorzlqj dq xqh{shfwhg prqhwdu|
lqmhfwlrq/ sulfhv lqfuhdvh vorzo|/ wkh lqwhuhvw udwh ghfolqhv dqg rxwsxw whpsrudulo|
ulvhv deryh lwv vwdwlrqdu| ohyho1 Lq wkh orqj uxq prqh| lv qhxwudo/ dqg wkh hfrqrp|
frqyhujhv wr lwv xqfkdqjhg vwdwlrqdu| vwdwh/ zkhuh rqo| sulfhv duh kljkhu1
Wkh srvvlelolw| ri lqghwhuplqdf| lq prqhwdu| prghov kdv ehhq h{whqvlyho| dqdo|}hg lq
wkh olwhudwxuh/ erwk lq wkh irup ri vhoi0ixooolqj k|shulq dwlrqdu| ru gh dwlrqdu| htxl0
oleuld dqg ri pxowlsoh vwdwlrqdu| htxloleuld1 Hduo| frqwulexwlrqv glvfxvv lqghwhuplqdf|
lq prghov zkhuh wkh dxwkrulwlhv iroorz {hg prqhwdu| uxohv/ dv lq Eurfn ^;`/ Fdoyr
^43`/ Nhkrh dqg Ohylqh ^59`/ dqg Zrrgirug ^68`1 Pruh uhfhqw zrunv kdyh irfxvhg
rq prghov zkhuh wkh dxwkrulwlhv dgrsw ihhgedfn prqhwdu| uxohv/ zklfk frxog wkhp0
vhoyhv jhqhudwh lqghwhuplqdf|1 Wklv lv glvfxvvhg lq Eodfn ^:`/ Ohhshu ^5:`/ Ehqkdele/
Vfkplww0Jurkh dqg Xuleh ^9`/ dqg Fduovwurp dqg Ixhuvw ^45`/ ^46`1 Wkhvh prghov fdq
eh xvhg wr hydoxdwh wkh vwdelolw| surshuwlhv ri dowhuqdwlyh prqhwdu| srolf| uxohv dqg wr
vhohfw wkrvh uxohv zklfk/ e| hqvxulqj ghwhuplqdf|/ holplqdwh xqqhfhvvdu|  xfwxdwlrqv
lq wkh hfrqrp|1
Wkhuh kdyh dovr ehhq vhyhudo dwwhpswv wr h{sodlq wkh vkruw0uxq qrq0qhxwudolw| ri
prqh| lq jhqhudo htxloleulxp prghov1 Vwdqgdug dssurdfkhv duh edvhg rq olplwhg sdu0
wlflsdwlrq dv lq Oxfdv ^5;`/ Ixhuvw ^58`/ dqg Fkulvwldqr dqg Hlfkhqedxp ^49`/ ^4:`/ rq
sulfh vwlfnlqhvv dv lq Fkulvwldqr/ Hlfkhqedxp/ dqg Hydqv ^4;`/ rq qrplqdo frqwudfwlqj
dv lq Wd|oru ^66`/ ru rq vwdjjhuhg sulfh vhwwlqj dv lq Fdoyr ^44` dqg Fkdul/ Nhkrh/
dqg PfJudwwdq ^48`1 Rqh olplwdwlrq ri wkhvh dssurdfkhv lv wkdw/ zkloh wkh| fdq hdvlo|
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hfwv ri prqhwdu| vkrfnv/ wkh| duh qrw deoh wr uhsolfdwh wkh shuvlvwhqfh
wkdw lv revhuyhg lq wkh gdwd1
Uhfhqwo|/ dq dowhuqdwlyh dssurdfk wr wkh vkruw0uxq qrq0qhxwudolw| ri prqh| kdv ehhq
sursrvhg/ edvhg rq  h{leoh sulfh prghov wkdw ohdg wr lqghwhuplqdwh htxloleuld1 Vrph
dxwkruv dgg prqh| wr prghov zkhuh lqghwhuplqdf| dulvhv ehfdxvh ri lqfuhdvlqj uh0
wxuqv wr vfdoh lq surgxfwlrq/ dv lq Ehdxgu| dqg Ghyhuhx{ ^6` dqg Vxvvrxqry ^65`1
Lqghwhuplqdf|/ krzhyhu/ uhtxluhv ghjuhhv ri uhwxuqv wr vfdoh wkdw gr qrw qg vxssruw
lq wkh dydlodeoh hpslulfdo hylghqfh14 Rwkhu dxwkruv rewdlq lqghwhuplqdf| e| dgglqj
prqh| wr prghov zkhuh h{whuqdolwlhv dulvh lq suhihuhqfhv udwkhu wkdq lq surgxfwlrq/
dv lq Ehqkdele dqg Iduphu ^8`1 Ilqdoo|/ vrph dxwkruv fodlp wkdw lqghwhuplqdf| fdq
dovr eh rewdlqhg lq prghov zlwk  h{leoh sulfhv/ qr h{whuqdolwlhv/ dqg frqvwdqw prqh|
jurzwk uxohv/ dv lq Iduphu ^56` dqg Pdwkhq| ^5<`1 Iduphu ^56` vkrzv wkdw lqghwhupl0
qdf| fdq dulvh lq d prqh|0lq0wkh0xwlolw| ixqfwlrq yhuvlrq ri d exvlqhvv f|foh prgho/
zkhuh suhihuhqfhv duh vxfk wkdw wkh oderu vxsso| fxuyh kdv d qhjdwlyh vorsh1 Pdwkhq|
^5<` qgv lqghwhuplqdf| dqg shuvlvwhqw uhdo hhfwv ri prqhwdu| vkrfnv lq d fdvk0lq0
dgydqfh prgho/ zkhuh surgxfwlrq lv frqvwdqw uhwxuqv wr vfdoh1 D fuxfldo dvvxpswlrq lq
klv dqdo|vlv lv wkdw ri Sduhwr vxevwlwxwdelolw| ehwzhhq frqvxpswlrq dqg ohlvxuh/ zklfk
lpsolhv wkdw wkh pdujlqdo xwlolw| ri ohlvxuh lv d ghfuhdvlqj ixqfwlrq ri frqvxpswlrq1
Erwk dxwkruv vwuhvv wkh lpsruwdqfh ri wkh qrq0vhsdudelolw| ri suhihuhqfhv/ vxjjhvwlqj
wkdw wkh uhdvrq zk| prvw ri wkh exvlqhvv f|foh olwhudwxuh kdv irxqg ghwhuplqdf| lv
wkh uhvwulfwlyh dvvxpswlrq ri vhsdudeoh suhihuhqfhv1
Lq wklv sdshu/ L dujxh wkdw htxloleuld zlwk vkruw0uxq qrq0qhxwudolw| ri prqh| duh
qrw d sodxvleoh rxwfrph lq d prgho zkhuh wkhuh lv d wudqvdfwlrqv uroh iru prqh|/
lq wkh vslulw ri Edxpro ^5` dqg Wrelq ^67`1 Wkh hfrqrp| lv vxfk wkdw sulfhv duh
 h{leoh/ suhihuhqfhv duh qrq0vhsdudeoh/ qr h{whuqdolwlhv dulvh lq hlwkhu surgxfwlrq ru
suhihuhqfhv/ dqg prqhwdu| srolf| iroorzv d frqvwdqw prqh| jurzwk uxoh1 Wkh fdvk0lq0
dgydqfh prgho xvhg e| Pdwkhq| ^5<` lv d olplwlqj fdvh ri wkh wudqvdfwlrqv whfkqrorj|
prgho1 Dovr/ lq wkh fdvh zlwk qr fdslwdo/ wkh prqh|0lq0wkh0xwlolw| ixqfwlrq prgho
xvhg e| Iduphu ^56` fdq eh vhhq dv d uhgxfhg irup ri wkh wudqvdfwlrqv whfkqrorj|
4Vhh/ iru lqvwdqfh/ Edvx dqg Ihuqdog ^4`1
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sdshu wr wkrvh suhylrxvo| rewdlqhg lq wkh olwhudwxuh1
Wkh sdshu surfhhgv dv iroorzv1 Lq vhfwlrq 5/ L ghvfuleh wkh prgho hfrqrp|1 Lq vhfwlrq
514/ L vkrz wkdw/ xqghu qrupdolw| ri frqvxpswlrq dqg ohlvxuh/ li d vwhdg| vwdwh zlwk
ydoxhg prqh| h{lvwv/ lw lv xqltxh1 E| vkrzlqj xqltxhqhvv/ L hqvxuh wkdw wkh dqdo|vlv
lv joredo/ vr wkdw wkhuh lv qr qhhg wr lpsrvh uhvwulfwlrqv rq wkh vl}h ri wkh vkrfnv
klwwlqj wkh hfrqrp|1 Lq vhfwlrq 515/ L ghulyh wkh vhw ri doo srvvleoh shuihfw iruhvljkw
htxloleuld/ xqghu qrupdolw| ri frqvxpswlrq dqg ohlvxuh1
Dowkrxjk lqihulrulw| lv dq xquhdvrqdeoh surshuw| ri d uhsuhvhqwdwlyh djhqw prgho/
suhylrxv zrunv lq wkh olwhudwxuh kdyh qrw uhvwulfwhg wkh prgho vshflfdwlrq wr hqvxuh
qrupdolw|1 Lq vhfwlrq 6/ L gurs wkhvh uhvwulfwlrqv lq rughu wr h{sodlq vrph ri wkh
suhylrxv uhvxowv1 Wkh dqdo|vlv uhpdlqv joredo h{fhsw zkhq ohlvxuh lv lqihulru/ lq zklfk
fdvh xqltxhqhvv ri wkh vwhdg| vwdwh zlwk ydoxhg prqh| fdqqrw eh hqvxuhg1 L surfhhg
e| ghulylqj wkh jhqhudo frqglwlrqv xqghu zklfk shuvlvwhqw uhdo hhfwv ri prqhwdu|
vkrfnv/ dv revhuyhg lq wkh wkh gdwd/ fdq dulvh1 Wkhq/ L sduwlwlrq wkh sdudphwhu vsdfh
lqwr irxu uhjlrqv/ dffruglqj wr zkhwkhu frqvxpswlrq dqg ohlvxuh duh qrupdo ru lqihulru
dqg Sduhwr frpsohphqwv ru Sduhwr vxevwlwxwhv1 L vkrz wkdw lq hdfk ri wkhvh uhjlrqv
lqghwhuplqdf| dqg shuvlvwhqw uhdo hhfwv ri qrplqdo vkrfnv fdq srvvleo| dulvh1
Lq vhfwlrq 7/ L dqdo|}h wkh sodxvlelolw| ri htxloleuld zlwk shuvlvwhqw uhdo hhfwv lq wkh
irxu uhjlrqv ri wkh sdudphwhu vsdfh1 Zkloh grlqj vr/ L dovr rewdlq suhylrxv uhvxowv lq
wkh olwhudwxuh dv vshflf fdvhv ri wkh uhvxowv ghulyhg lq wklv sdshu1 Wkh pdlq qglqj
lv wkdw lqghwhuplqdf| dqg shuvlvwhqw uhdo hhfwv uhtxluh hlwkhu xquhdvrqdeoh dvvxps0
wlrqv ru lpsodxvleoh sdudphwhu ydoxhv1 Lq vhfwlrq 714/ L frqvlghu wkh wzr uhjlrqv ri
wkh sdudphwhu vsdfh zkhuh hlwkhu frqvxpswlrq ru ohlvxuh duh lqihulru1 Lq d uhdvrqdeo|
vshflhg prgho/ wkhvh uhjlrqv zrxog eh uxohg rxw1 Lq wkh devhqfh ri dssursuldwh uh0
vwulfwlrqv/ krzhyhu/ lqghwhuplqdf| fdq eh irxqg ehfdxvh ri prgho dvvxpswlrqv wkdw
lpso| lqihulrulw| ri rqh ri wkh jrrgv1 Iduphu ^56` qgv lqghwhuplqdf| xqghu d vshf0
lfdwlrq ri suhihuhqfhv wkdw ohdgv wr d edfnzdug vorslqj oderu vxsso|1 L vkrz wkdw/
li wkh prqh|0lq0wkh0xwlolw|0ixqfwlrq prgho lv vhhq dv wkh uhgxfhg irup ri d wudqvdf0
wlrqv whfkqrorj| prgho/ d qhjdwlyh vorsh ri wkh oderu vxsso| lpsolhv lqihulrulw| ri
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duh qrupdo dqg wkhuh lv hlwkhu vhsdudelolw| ri suhihuhqfhv ru Sduhwr frpsohphqwdulw|
ehwzhhq frqvxpswlrq dqg ohlvxuh1 Wkhvh duh frpprq dvvxpswlrqv lq wkh exvlqhvv
f|foh olwhudwxuh1 L dujxh wkdw wkh h{lvwhqfh ri htxloleuld zlwk shuvlvwhqw uhdo hhfwv
uhtxluhv lpsodxvleoh sdudphwhu ydoxhv1 Ilqdoo|/ lq vhfwlrq 716/ L frqvlghu wkh uhjlrq
zkhuh frqvxpswlrq dqg ohlvxuh duh qrupdo dqg Sduhwr vxevwlwxwhv1 Wkhvh duh wkh
dvvxpswlrqv xqghu zklfk Pdwkhq| ^5<` qgv htxloleuld zlwk shuvlvwhqw uhdo hhfwv/ lq
d fdvk0lq0dgydqfh prgho1 L vkrz wkdw wkhvh htxloleuld uhtxluh lpsodxvleoh sdudphwhu
ydoxhv/ lq d pruh jhqhudo wudqvdfwlrqv whfkqrorj| prgho wkdw lv fdoleudwhg wr uhsolfdwh
wkh pdlq idfwv derxw prqh| ghpdqg1
Dowkrxjk lqghwhuplqdf| lv qrw irxqg wr eh sodxvleoh lq wkh vhw xs ri wklv sdshu/ lw lv
qrqhwkhohvv srvvleoh1 Rq wkh frqwudu|/ lqghwhuplqdf| fdqqrw dulvh lq d fruuhvsrqghqw
uhdo prgho zkhuh surgxfwlrq lv frqvwdqw uhwxuqv wr vfdoh1 Lq vhfwlrq 8/ L surylgh dq
lqwxlwlyh h{sodqdwlrq iru wklv/ edvhg rq wkh uroh ri wkh qrplqdo lqwhuhvw udwh dv d wd{
wkdw glvwruwv oderu ghflvlrqv1 Vhfwlrq 9 frqwdlqv wkh frqfoxvlrqv1
51 Wkh Prgho
Wkh hfrqrp| lv ghvfulehg e| d wudqvdfwlrqv whfkqrorj| prqhwdu| prgho dv lq Fkdul/
Fkulvwldqr dqg Nhkrh ^47`/ Fruuhld dqg Whohv ^4<`/ Gh Ilruh dqg Whohv ^55`/ dqg
Pxooljdq dqg Vdod0l0Pduwlq^63`1
Wkhuh lv d odujh qxpehu ri lghqwlfdo krxvhkrogv/ zkrvh suhihuhqfhv duh ghqhg ryhu d




zkhuh X lv dq lqfuhdvlqj frqfdyh ixqfwlrq1 Wkxv/ XS A 3>X ￿ A 3>X SS ? 3>X ￿￿ ? 3=
Wkhuh lv qr sulru uhvwulfwlrq rq wkh vljq ri XS￿= Zkhq XS￿ A 3 frqvxpswlrq dqg
ohlvxuh duh Sduhwr frpsohphqwv/ zkhq XS￿ ? 3 wkh| duh Sduhwr vxevwlwxwhv1
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ohlvxuh k|/ ru wudqvdfwlrqv v|/
q| . k| . v| @4 = +515,
Wkhuh duh wzr dvvhwv/ prqh| dqg qrplqdo erqgv1 Djhqwv qhhg wr wudqvdfw lq rughu wr
dftxluh wkh frqvxpswlrq jrrg1 Wklv dfwlylw| lv frvwo|/ ehfdxvh lw uhtxluhv wlph wkdw
frxog rwkhuzlvh eh vshqw iru surgxfwlrq1 Wkh dprxqw ri wlph vshqw wudqvdfwlqj lv
dvvxphg wr lqfuhdvh zlwk frqvxpswlrq dqg wr ghfuhdvh zlwk uhdo edodqfhv/ dffruglqj
wr wkh iroorzlqj wudqvdfwlrqv whfkqrorj|=
v|  o+f|>p |,> +516,
zkhuh p| @ ￿|
￿| > dqg S| lv wkh sulfh ri wkh jrrg1 Lw lv dvvxphg wkdw=






zkhuh =D $ Un>D Un> ￿  3> ￿￿  3= Wklv lpsolhv wkdw oS  3>o 6  3>
o66  3=
ll, Wkh ixqfwlrq o lv vxfk wkdw wkh sureohp lv frqfdyh1 Wklv lpsolhv wkdw n fdqqrw
eh wrr orz1 Wkh plqlpxp ydoxh ri wkh ghjuhh ri krprjhqhlw|/ n/g h s h q g vr qw k h
fxuydwxuh ri wkh xwlolw| ixqfwlrq1 Rqo| qrq qhjdwlyh ydoxhv iru n duh frqvlghuhg/
ehfdxvh zkhq n?3>o S fdq eh qhjdwlyh1
Wkh srlqw ri ixoo oltxlglw|/ 6
S @v x sD> lv ghqhg dv wkh ohyho dw zklfk dq dgglwlrqdo
xqlw ri uhdo edodqfhv grhv qrw uhgxfh wudqvdfwlrqv wlph1 Dw wkdw srlqw/ o6 +p>f,@3 1
Dw wkh ehjlqqlqj ri hdfk shulrg w/ wkh krxvhkrog fkrrvhv qrplqdo prqh| kroglqjv
P|/ wr eh xvhg iru wudqvdfwlrqv lq wkdw vdph shulrg/ dqg qrplqdo erqg kroglqjv E|1
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shulrg w> wkh krxvhkrog uhfhlyhv qrplqdo zdjh lqfrph S|z|q|> zkhuh z| lv wkh uhdo
zdjh/ zklfk kh fdq wkhq vshqg lq w .4 1 Wkh jryhuqphqw uhglvwulexwhv uhyhqxh iurp
prqh| fuhdwlrq wkurxjk oxps0vxp qrplqdo wudqvihuv ]|1
Wkh exgjhw frqvwudlqwv duh jlyhq e| wkh frqglwlrqv
S|f| . P|n￿ . E|n￿  P| .+ 4.l|,E| . S|z|q| . ]|>w  3> +518,
Pf . Ef  Zf> +519,
zkhuh Zf lv lqlwldo qrplqdo zhdowk dw wlph }hur1 Wkh krxvhkrog*v ghflvlrqv dovr qhhg




















E￿n￿&n￿￿ lv wkh ydoxh dw gdwh m ri d xqlw ri frqvxpswlrq lq shulrg w.41
Wkhuh lv d olqhdu surgxfwlrq whfkqrorj|/
|| @ D|q|= +51;,
Iru vlpsolflw|/ L dvvxph }hur jurzwk/ vr wkdw D| @4iru doo w> dowkrxjk d vlplodu
d q d o | v l vz r x o gh { w h q gw rd qh f r q r p |z k h u hD| lv jurzlqj ryhu wlph/ dv orqj dv
suhihuhqfhv dqg wkh wudqvdfwlrqv whfkqrorj| duh uhvwulfwhg wr hqvxuh wkdw d edodqfhg
jurzwk sdwk h{lvwv1
Wkh jryhuqphqw*v prqhwdu| srolf| lv jlyhq e| d frqvwdqw prqh| jurzwk uxoh dqg dq
lqlwldo ydoxh ri wkh prqh| vwrfn Pf1 Prqh| vxsso| hyroyhv dffruglqj wr
P|n￿ @ P|= +51<,
Iru vlpsolflw|/ L dvvxph wkdw vfdo srolf| lv jlyhq e|
E| @3 > iru doo w= +5143,
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krxvhkrog lv ghqhg e| wkh pd{lpl}dwlrq ri +514,/ vxemhfw wr +515,/ +516,/ +518,/ +519,/



























5141 Vwhdg| Vwdwh Dqdo|vlv
Lq wklv vhfwlrq/ L dqdo|}h wkh frqglwlrqv xqghu zklfk rqh ru pruh vwhdg| vwdwhv h{lvw
zlwk ydoxhg prqh|1 Qrwlfh wkdw lq wklv hfrqrp| wkhuh dovr h{lvwv d vwhdg| vwdwh zkhuh
prqh| kdv qr ydoxh/ vr wkdw p @3 1





Yduldeohv zlwk qr wlph vxevfulswv ghqrwh vwhdg| vwdwh ydoxhv1 Jlyhq rxu dvvxpswlrqv
wkdw D| @4 > iru doo w> dqg wkdw upv duh shuihfwo| frpshwlwlyh/ lw pxvw eh wkdw lq
htxloleulxp
z| @4 > iru doo w= +5149,
D vwhdg| vwdwh zlwk ydoxhg prqh| kdv wr vdwlvi| wkh iroorzlqj v|vwhp ri htxdwlrqv=


 4@o6 +f>p,> +514:,
G+f>4  f  o+f>p,, @ 4 . oS +f>p,= +514;,
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dwwhqwlrq wr prqhwdu| srolflhv wkdw dfklhyh d vwulfwo| srvlwlyh qrplqdo lqwhuhvw udwh/
dv lpsolhg e| wkh iroorzlqj dvvxpswlrq=
+D4, A =
Xqghu +D4,> wkhuh lv d vlqjoh srvlwlyh ydoxh ri p wkdw vdwlvhv htxdwlrq +514:,1 Vlqfh
lq wkh vwhdg| vwdwh
>
q 4@l> +514:, fdq eh uhzulwwhq dv l @ o6+f>p,= Wklv fdq eh
xvhg wr h{suhvv wkh vwdwlrqdu| ohyho ri uhdo edodqfhv dv d ixqfwlrq ri frqvxpswlrq dqg
wkh qrplqdo lqwhuhvw udwh/
p @ O+f>l,> +514<,
zkhuh OS @  ,S6
,661
L zloo dovr pdnh wkh iroorzlqj dvvxpswlrq=
+D5, oS6  3 dqg oS  ,6,S6
,66  3=
Dvvxpswlrq +D5, uhodwhv wr wkh zd| wudqvdfwlrqv duh surgxfhg lq wkh hfrqrp|1 Wr
xqghuvwdqg zkdw lw lpsolhv/ frqvlghu d wudqvdfwlrqv whfkqrorj| v @ o+f>p,1W k h
lqyhuvh ri wklv ixqfwlrq jlyhv wkh whfkqrorj| zklfk ghvfulehv wkh surgxfwlrq ri wudqv0
dfwlrqv/ f @ i +v>p,1 Wkh whfkqlfdo udwh ri vxevwlwxwlrq ehwzhhq v dqg p fdq eh
rewdlqhg e| lpsolflw glhuhqwldwlrq/ dqg lv jlyhq e| i6@ir= Iurp v @ o+f>p,/z h
nqrz wkdw i6@ir @ o6 @ l= Dvvxpswlrq +D5, uhtxluhv wkdw/ iru jlyhq l> zklfk lv
w k hu h o d w l y hs u l f hr iv dqg p/ wkh dprxqw ri wudqvdfwlrqv surgxfhg f fdqqrw lqfuhdvh
zkhq rqh lqsxw +wlph ru uhdo edodqfhv, lv ghfuhdvhg1 Lq idfw/ oS6  3 hqvxuhv wkdw
lq wkh vwhdg| vwdwh/ zkhuh wkh uhodwlyh sulfh ri v dqg p lv frqvwdqw/ _6
_S  3= Wklv
lpsolhv wkdw wkh hodvwlflw| ri prqh| ghpdqg zlwk uhvshfw wr frqvxpswlrq lv srvlwlyh/
dv uhtxluhg lq wkh olwhudwxuh1 Dovr/ oS  ,6,6S
,66  3 hqvxuhv wkdw lq wkh vwhdg| vwdwh
_r








5Zkhq s Erc6 lv krprwkhwlf/ dvvxpswlrq E2 lv dozd|v vdwlvhg1 Lq idfw/ krprwkhwlflw| lpsolhv
wkdw/ iru wkh vdph uhodwlyh sulfh ri r dqg 6c dq lqfuhdvh lq wkh dprxqw ri wudqvdfwlrqv S uhtxluhv dq
lqfuhdvh lq wkh vdph sursruwlrq ri erwk lqsxwv1 Lw fdq hdvlo| eh fkhfnhg wkdw s Erc6 lv krprwkhwlf
zkhq/ iru lqvwdqfh/ ,ESc6 lv krprjhqhrxv ri ghjuhh rqh1 Zkhq wkh wudqvdfwlrqv whfkqrorj| lv
krprjhqhrxv ri ghjuhh glhuhqw iurp 4/ s Erc6 fdq vwloo eh krprwkhwlf/ dv iru wkh Edxpro0Wrelq
vshflfdwlrq/ zkhuh r ' w
S
6 dqg w lv d frqvwdqw1 Krzhyhu/ wklv lv qrw qhfhvvdulo| wkh fdvh1
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S +f,  oS+f>O+f>l,, dqg
GW+f,  G+f>4  f  o+f>O+f>l,,,= Dovr/ L ghqh
W+f,  GW +f,  oW
S +f,  4=
Wkh qxpehu ri vwhdg| vwdwhv zlwk ydoxhg prqh| lq wklv hfrqrp| lv jlyhq e| wkh
qxpehu ri lqwhuvhfwlrqv ri wkh ixqfwlrq W+f, zlwk wkh {0d{lv1 D xqltxh lqwhuvhfwlrq
lv hqvxuhg e| prqrwrqlflw| ri W+f,=
Qrz/ glhuhqwldwh W+f, wr jhw
W










zkhuh hdfk ixqfwlrq lv hydoxdwhg dw wkh vwhdg| vwdwh ohyho ri f= D vv k r z ql qD s s h q g l {
D14/ wkh vhfrqg rughu frqglwlrqv iru wkh krxvhkrog*v sureohp uhtxluh wkdw













Qrwlfh wkdw wkh h{suhvvlrq lq eudfnhwv lq +5154, lv srvlwlyh/ zkloh G￿ fdq eh hlwkhu
srvlwlyh ru qhjdwlyh ghshqglqj rq wkh vljq ri XS￿> vlqfh G￿ @ ￿
L￿ +XS￿ X￿￿G,1
Wr dqdo|}h wkh vljq ri W
S +f,> lw lv xvhixo wr ghulyh wkh frqglwlrqv xqghu zklfk f




f @ zq lp . }>
dqg
k @4 q  o+f>p,=
Khuh }  ~
￿ ghqrwhvwkh dprxqw ri wudqvihuv lq xqlwv ri frqvxpswlrq/ ru uhdo zhdowk
qhw ri zdjh lqfrph1 Wkh uvw rughu frqglwlrqv duh jlyhq e|
G+f>4 q  o+f>p,, @
4
z
. oS +f>p,> +5155,
6Iru vlpsolflw|/ L dvvxph }hur lqlwldo zhdowk/ ` f 'f 
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f @ zq lp . }= +5157,








zkhuh OS @ oS6@o66= Qrwlfh wkdw htxdwlrq +514<, wdnhv lqwr dffrxqw wkh htxloleulxp
frqglwlrq z @4 = Rq wkh frqwudu|/ htxdwlrq +5158, lv vlpso| d uvw rughu frqglwlrq ri
wkh krxvhkrog*v sureohp/ zkhuh z lv wdnhq dv jlyhq1





































Lpsolflw glhuhqwldwlrq jlyhv wkdw




















Wr ghulyh wkh frqglwlrqv xqghu zklfk ohlvxuh lv qrupdo/ uhfdoo wkdw zkdw dsshduv lq wkh
krxvhkrog*v xwlolw| lv ohlvxuh ghqhg dv wlph hqgrzphqw qhw ri doo pdunhw dfwlylwlhv/
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ohlvxuh lv qrupdo li dqg rqo| li   GG￿ A 3= Xqghu +D4,>+D5, dqg qrupdolw| ri










Surri1 Xqghu +D4,> qrupdolw| ri frqvxpswlrq dqg ohlvxuh iroorzv gluhfwo| iurp
+515;, dqg +5164,1 Xqghu +D4,> +D5, dqg qrupdolw| ri frqvxpswlrq/ _r




_5> d qhfhvvdu| frqglwlrq iru ohlvxuh wr eh qrupdo lv wkdw _?
_5 ? 3=
Uhduudqjlqj +515<,/ rqh rewdlqv frqglwlrq +5165,1
Qrwlfh wkdw/ zkhq frqvxpswlrq lv lqihulru/ G￿ ? 3> vr wkdw GG￿ A 3 dqg ohlvxuh
pxvw eh qrupdo1 Zkhq frqvxpswlrq lv qrupdo/ G￿ A 3 dqg ohlvxuh fdq eh hlwkhu
qrupdo ru lqihulru/ ghshqglqj rq wkh vwhdg| vwdwh ydoxhv ri  dqg G￿1
Lw lv qrz srvvleoh wr fkdudfwhul}h wkh vljq ri W
S +f, dv lq +5154,/ dqg wr vwdwh wkh
frqglwlrqv xqghu zklfk wkhuh lv d xqltxh vwhdg| vwdwh ru pxowlsoh vwhdg| vwdwhv zlwk
ydoxhg prqh|1
Sursrvlwlrq 51 Xqghu +D4,  +D5, dqg qrupdolw| ri frqvxpswlrq dqg ohlvxuh/ li d
vwhdg| vwdwh zlwk ydoxhg prqh| h{lvwv/ lw lv xqltxh1
Surri1 Zkhq frqvxpswlrq dqg ohlvxuh duh qrupdo/ G￿ A 3 dqg   GG￿ A 3=
Xqghu +D4, dqg +D5,> d qhfhvvdu| frqglwlrq iru qrupdolw| ri ohlvxuh lv jlyhq e|






￿ ? 3= Lq wklv fdvh W
S +f, ? 3 dqg/ li d vwhdg| vwdwh zlwk ydoxhg
prqh| h{lvwv/ lw lv xqltxh1
5151 Shuihfw Iruhvljkw Htxloleuld
L dqdo|}h d shuihfw iruhvljkw yhuvlrq ri wkh prgho/ xqghu wkh dvvxpswlrq wkdw frq0
vxpswlrq dqg ohlvxuh duh qrupdo dqg wkdw d vwhdg| vwdwh zlwk vwulfwo| srvlwlyh uhdo
edodqfhv h{lvwv/ dqg L ghulyh wkh vhw ri doo srvvleoh htxloleuld dorqj zklfk prqh| lv
ydoxhg1 L frqvlghu erwk qrq0vwdwlrqdu| htxloleuld/ zkhuh p| ehfrphv hlwkhu duelwudulo|
odujh ru duelwudulo| forvh wr }hur/ dqg vwdwlrqdu| htxloleuld/ zkhuh p| hlwkhu vwd|v dw
wkh vwhdg| vwdwh zlwk ydoxhg prqh| ru frqyhujhv wr lw1




surgxfwlrq ixqfwlrq +51;,/ wkh zdjh frqglwlrq +5149,/ wkh prqhwdu| dqg vfdo srolf|
uxohv +51<,0+5143,/ dqg wkh uhvrxufhv frqvwudlqw iru w  3
k| @4 f|  o+f|>p |,>




D shuihfw iruhvljkw htxloleulxp lv dq| vhtxhqfh iru f| dqg p| wkdw vdwlvhv wkh iroorzlqj
v|vwhp=
G^f|>4  f|  o+f|>p |,` @ 4 . oS +f|>p |, +5166,
{p |X￿ ^f|>4  f|  o+f|>p |,`
@ p|n￿X￿ ^f|n￿>4  f|n￿  o+f|n￿cp|n￿,`^4  o6 +f|n￿>p |n￿,`> +5167,
olp
|<"
|n￿3￿X￿ ^f|n￿>4  f|n￿  o+f|n￿>p |n￿,`
X￿ ^f￿>4  f￿  o+f￿>p ￿,`
p|n￿ @3 = +5168,
Wkh odvw htxdwlrq lv ghulyhg e| soxjjlqj +5145,/ +5146,/ +5149, dqg wkh frqglwlrq wkdw
E| @3 > iru doo w> lqwr frqglwlrq +5147,1 Htxdwlrq +5166, lpsolflwo| ghqhv frqvxpswlrq
dv d ixqfwlrq ri uhdo edodqfhv
f| @ *+p|,=




oS6 +w,.o6 +w,G￿ +w,
GS+w,  G+w,G￿ +w,  oSS +w,
> +5169,
zkhuh/ iru vlpsolflw|/ w uhsodfhv wkh dujxphqwv ri hdfk ixqfwlrq1 Xqghu qrupdolw|
ri frqvxpswlrq/ G￿ A 3 dqg wkh qxphudwru lv qhjdwlyh1 Iurp wkh vhfrqg rughu
frqglwlrqv+5153,/ zh dovr nqrz wkdw wkh ghqrplqdwru lv qhjdwlyh1 Wkhuhiruh/ zkhq
G￿ A 3> dovr *6 +w, A 31Q r z /g h  q h
I +p|,  X￿ ^*+p|,>4  *+p|,  o+*+p|,>p |,`> +516:,
J+p|,  4  o6+*+p|,>p |,= +516;,
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{p| I +p|,  p|n￿I +p|n￿,J+p|n￿,@3 = +516<,





p|n￿ @3 = +5173,





J+p|n￿,^I +p|n￿,.p|n￿I6 +p|n￿,` . p|n￿I +p|n￿,J6+p|n￿,
=
+5174,
Qrwlfh wkdw/ dw wkh vwhdg| vwdwh zlwk vwulfwo| srvlwlyh uhdo edodqfhv/ { 
>
q @4.l @
4  o6  J= Glhuhqwldwh +516:, dqg +516;,/ dqg hydoxdwh +5174, dw wkh vwhdg| vwdwh
ydoxh p wr jhw=
gp|n￿
gp|














+oS6*6 . o66,> +5177,
dqg hdfk ixqfwlrq lv hydoxdwhg dw wkh vwhdg| vwdwh ydoxh p1
D shuihfw iruhvljkw dssur{lpdwh vroxwlrq lv dq| ghwhuplqlvwlf vhtxhqfh ri wkh irup
h p|n￿ @ |n￿h pf> +5178,
zkhuh h p ghqrwhv ghyldwlrqv ri p| iurp wkh vwhdg| vwdwh ydoxh p1 Lw lv qrz srvvleoh
wr fkdudfwhul}h wkh fodvv ri htxloleuld zlwk ydoxhg prqh| wkdw dulvh lq wklv hfrqrp|1
Sursrvlwlrq 61 Xqghu +D4,+D5, dqg qrupdolw| ri frqvxpswlrq dqg ohlvxuh/ zkhq
mm ? 4 wkhuh lv d frqwlqxxp ri htxloleulxp sdwkv frqyhujlqj wr wkh xqltxh vwhdg| vwdwh
zlwk ydoxhg prqh|1
Surri1 Ghqh K +p|>p |n￿,  {p| I +p|,p|n￿I +p|n￿,J+p|n￿,= Xqghu +D4,
+D5, dqg qrupdolw| ri frqvxpswlrq dqg ohlvxuh/ wkhuh lv d xqltxh vwhdg| vwdwh zlwk
ydoxhg prqh|1 Zkhq mm ? 4/ dq| htxloleulxp sdwk ghvfulehg e| +5178, vdwlvhv erwk
frqglwlrqv +516<, dqg +5173,1 Wkhuhiruh/ wkhuh lv d frqwlqxxp ri htxloleulxp sdwkv
frqyhujlqjwrwkhxqltxhvwhdg|vwdwhzlwkydoxhgprqh|/rqhiruhdfklqlwldohpf1
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mm A 4 wkh xqltxh vwdwlrqdu| htxloleulxp sdwk zlwk ydoxhg prqh| lv wkh vwhdg| vwdwh
sdwk p| @ pA3> iru doo w= Wkhuh lv dovr d frqwlqxxp ri shuihfw iruhvljkw htxloleuld/
zkhuh uhdo edodqfhv frqyhujh dv|pswrwlfdoo| wr }hur1
Surri1 Zkhq mm A 4> wkh orfxv K +p|>p |n￿,@3lqwhuvhfwv wkh 78 ghjuhh olqh zlwk
d vorsh juhdwhu wkdq rqh/ dw wkh xqltxh vwhdg| vwdwh zlwk ydoxhg prqh|1 D sdwk
zkhuh p| @ pA3> iru doo w> lv dq htxloleulxp sdwk/ vlqfh lw vdwlvhv erwk frqglwlrqv
+516<, dqg +5173,1 Lw lv dovr wkh xqltxh vwdwlrqdu| sdwk zlwk ydoxhg prqh|1 Wkhuh
dovr h{lvw qrq0vwdwlrqdu| htxloleulxp sdwkv1 Iluvw/ frqvlghu d sdwk ipf>p ￿>p 2>===j
ruljlqdwlqj iurp pf Ap =Dv orqj dv olp
6|<" I +p|, 5 +3>4,> vxfk sdwkv fdq eh uxohg
rxw ehfdxvh wkh| duh h{sorvlyh dqg wkh| ylrodwh wkh wudqvyhuvdolw| frqglwlrq +5173,1
Qrz frqvlghu d sdwk ruljlqdwlqj dw p￿
f ?p =Doo sdwkv ruljlqdwlqj dw srlqwv ehorz p
duh k|shulq dwlrqdu| sdwkv/ zkhuh uhdo edodqfhv dssurdfk }hur ryhu wlph1 Wkh| duh
htxloleulxp sdwkv/ vlqfh wkh| vdwlvi| erwk frqglwlrqv +516<, dqg +5173,1






/ dv jlyhq e| htxdwlrq +5174,/ lv juhdwhu ru vpdoohu
wkdq xqlw|1 Iljxuh 4/ sdqho d> vkrzv wkh orfxv zkhq lw lqwhuvhfwv iurp ehorz/ iru wkh
fdvh zkhq mm ? 41 Vlploduo|/ sdqho e vkrzv zkhq lw lqwhuvhfwv iurp ehorz/ iru wkh
fdvh zkhq mm A 41
P W
P W￿￿
P W￿￿ ￿P W
P
+￿PW￿￿￿P W￿￿￿ ￿ +￿PW￿￿￿P W￿￿￿ ￿
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htxloleulxp dprqj wkh frqwlqxxp ri vwdwlrqdu| shuihfw iruhvljkw htxloleulxp sdwkv1
Lq wklv fdvh/ wkh srvvlelolw| ri wkhuh ehlqj sdwkv dorqj zklfk prqhwdu| vkrfnv kdyh
shuvlvwhqw uhdo hhfwv fdqqrw eh uxohg rxw1
Rq wkh frqwudu|/ zkhq mm A 4> wkhuh h{lvwv d xqltxh vwdwlrqdu| htxloleulxp zlwk
ydoxhg prqh| xqghu shuihfw iruhvljkw1 Lq wklv fdvh/ prqh| lv qhxwudo erwk lq wkh vkruw
dqg lq wkh orqj uxq1 Lq d vwrfkdvwlf yhuvlrq ri wkh prgho/ lw zrxog eh srvvleoh wr exlog
vwdwlrqdu| vwrfkdvwlf sdwkv/ zkhuh uhdo edodqfhv zrxog frqyhujh wr wkh vwhdg| vwdwh
zlwk ydoxhg prqh| zlwk vrph srvlwlyh suredelolw|1 Krzhyhu/ wkh h{lvwhqfh ri wkhvh
sdwkv frxog kdugo| eh uhfrqflohg zlwk wkh hylghqfh rq wkh vkruw0uxq qrq0qhxwudolw|
ri prqh|/ vlqfh wkh dgmxvwphqw ri uhdo edodqfhv dorqj wkhvh sdwkv zrxog jhqhudoo| eh
qrq0prqrwrqlf1 Pruhryhu/ vrph dxwkruv kdyh vkrzq wkdw k|shulq dwlrqdu| sdwkv fdq
eh uxohg rxw lq d qxpehu ri zd|v1 Iru lqvwdqfh/ Eurfn ^;`/ ^<` vkrzv wkdw wkhvh sdwkv
fdq eh uxohg rxw lq prghov zlwk sxuh dw prqh| e| uhvwulfwlqj djhqwv* suhihuhqfhv1
Revwihog dqg Urjr ^64` dujxh wkdw wkh uhvwulfwlrqv rq suhihuhqfhv qhfhvvdu| lq d
prgho zlwk sxuh dw prqh| duh xqlqwxlwlyh/ vlqfh wkh| uhtxluh djhqwv wr kdyh lqqlwho|
qhjdwlyh xwlolw| dw }hur uhdo edodqfhv1 Wkh| vkrz wkdw/ lq d prgho dxjphqwhg zlwk
sk|vlfdo fdslwdo/ vshfxodwlyh sdwkv fdq eh holplqdwhg li wkh jryhuqphqw lv uhdg| wr
uhghhp hdfk xqlw ri fxuuhqf| iru d vpdoo dprxqw ri fdslwdo1 Zkhq k|shulq dwlrqdu|
sdwkv fdq eh uxohg rxw/ wkh vwhdg| vwdwh zlwk vwulfwo| srvlwlyh uhdo edodqfhv uhpdlqv
wkh xqltxh vwdwlrqdu| htxloleulxp zlwk ydoxhg prqh| dovr lq d vwrfkdvwlf hqylurqphqw1
61 Frqglwlrqv iru Lqghwhuplqdf| dqg wkh Vkruw0Uxq Qrq0Qhxwudolw|
ri Prqh|
Lq wkh suhylrxv vhfwlrq/ L kdyh fkdudfwhul}hg wkh vwhdg| vwdwh dqg wkh g|qdplf surs0
huwlhv ri wkh hfrqrp| xqghu uhvwulfwlrqv wkdw hqvxuh qrupdolw| ri frqvxpswlrq dqg
ohlvxuh1 Wkhvh uhvwulfwlrqv kdyh qrw ehhq lpsrvhg lq suhylrxv sdshuv/ zkhuh lqghwhu0
plqdf| dqg uhdo hhfwv ri prqhwdu| vkrfnv kdyh ehhq irxqg wr eh srvvleoh1 Wr vkrz
wkdw lqghwhuplqdf| fdq hphujh dv d frqvhtxhqfh ri lqihulrulw|/ L gurs wkhvh uhvwulf0
wlrqv1 Wkhq/ L ghulyh doo srvvleoh frqglwlrqv xqghu zklfk lqghwhuplqdf| dqg htxloleuld
zlwk vkruw0uxq qrq0qhxwudolw| ri prqh|/ dv revhuyhg lq wkh gdwd/ fdq dulvh1
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xqghu qrupdolw| ri frqvxpswlrq dqg ohlvxuh1 Xqltxhqhvv frxog dovr eh hqvxuhg xqghu
lqihulrulw| ri frqvxpswlrq/ vr wkdw wkh dqdo|vlv zrxog uhpdlq joredo1 Lq wklv fdvh/






G￿ ? 3> dqg wkhuh zrxog vwloo
eh d xqltxh vwhdg| vwdwh zlwk vwulfwo| srvlwlyh uhdo edodqfhv1 Xqltxhqhvv frxog qrw eh
hqvxuhg xqghu lqihulrulw| ri ohlvxuh/ vr wkdw wkh dqdo|vlv zrxog rqo| eh orfdo1 Lq idfw/ lq













￿ ? 3/d v
orqj dv _r
_5 lv odujh hqrxjk1 Wkhuhiruh/ W
S +f, frxog wdnh hlwkhu vljq dqg wkh srvvlelolw|
ri pxowlsoh vwhdg| vwdwhv zlwk ydoxhg prqh| frxog qrw eh uxohg rxw1
Wkh txhvwlrq dgguhvvhg lq wklv sdshu lv zkhwkhu prqh| vxsso| vkrfnv fdq kdyh uhdo
hhfwv lq wkh vkruw uxq/ dv revhuyhg lq wkh gdwd/ gxh wr wkh srvvlelolw| ri pxowlsoh
vwdwlrqdu| htxloleulxp sdwkv1 Wkh wkrxjkw h{shulphqw lv wkh iroorzlqj= vxssrvh
wkhuh lv d rqfh dqg iru doo fkdqjh lq wkh ohyho ri wkh prqh| vxsso|/ dqg vxssrvh wkdw
sulfhv vorzo| dgmxvw wr wkh xqfkdqjhg vwdwlrqdu| ohyho p> lpso|lqj wkdw uhdo edodqfhv/
surgxfwlrq dqg frqvxpswlrq whpsrudulo| lqfuhdvh1 Lv wklv rxwfrph frqvlvwhqw zlwk d
udwlrqdo h{shfwdwlrqv htxloleulxpB Dq d!updwlyh dqvzhu uhtxluhv wkh prgho wr gholyhu
d pxowlsolflw| ri vwdwlrqdu| htxloleuld/ iru uhdolvwlf sdudphwhu ydoxhv1 Pruhryhu/ wkh
frh!flhqw  qhhgv wr eh srvlwlyh/ vr wkdw wkh htxloleulxp sdwkv ri wkh uhdo yduldeohv
gr qrw rvfloodwh durxqg wkhlu vwhdg| vwdwh ydoxhv1 Wkhuhiruh/ wkh uhohydqw fdvhv duh
wkrvh zkhuh  5 +3>4,> vr wkdw hdfk htxloleulxp sdwk glvsod|v shuvlvwhqw uhdo hhfwv
ri prqhwdu| vkrfnv1 Wklv fdq kdsshq zkhq d dqg e lq h{suhvvlrq +5175, kdyh rssrvlwh
vljqv1 Xvlqj wkh ghqlwlrq ri G dqg +5169,/ d dqg e fdq eh uhzulwwhq dv
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irxu uhjlrqv/ zklfk duh vxppdul}hg lq wdeoh 41
41 G￿ ? 3> zklfk lpsolhv wkdw XS￿ ? 3 dqg   GG￿ A 3= Lq wklv uhjlrq/ f lv
lqihulru/ k lv qrupdo/ dqg wkhuh lv Sduhwr vxevwlwxwdelolw| ehwzhhq f dqg k1L q
idfw/ iurp G￿ @ ￿
L￿ +XS￿  X￿￿G,> lw pxvw eh wkdw zkhq G￿ ? 3>X S￿ ? 31
Iurp +515;,/ f pxvw eh lqihulru vr wkdw k lv qrupdo1 Iurp +5176,/ wkh vljq ri
d fdqqrw eh ghwhuplqhg1 Iurp +615,/ eA3 vlqfh G￿ ? 3= Qrwlfh wkdw lq wklv
uhjlrq *6 fdq eh hlwkhu srvlwlyh ru qhjdwlyh1
51 G￿ A 3>X S￿ ? 3>   GG￿ A 3= Lq wklv uhjlrq/ f dqg k duh qrupdo dqg Sduhwr
vxevwlwxwhv1 Iurp +5169, zh nqrz wkdw/ zkhq G￿ A 3> dovr *6 A 3= Iurp
+614,/ wkh vljq ri d fdqqrw eh ghwhuplqhg1 Xqghu +D4, dqg +D5,> d qhfhvvdu|
frqglwlrq iru ohlvxuh wr eh qrupdo lv wkdw .,6,S6
,66 G￿ ? (￿
￿ = Qrupdolw| ri
frqvxpswlrq lpsolhv wkdw G￿ A 3/v rw k d w  ,6,S6
,66 G￿ A 3= Lw iroorzv wkdw
eA3=
61 G￿ A 3>X S￿  3>   GG￿ A 3= Lq wklv uhjlrq/ f dqg k duh qrupdo1 Zkhq
XS￿ A 3>fdqg k duh Sduhwr frpsohphqwv1 Zkhq XS￿ @3 > suhihuhqfhv duh
vhsdudeoh lq f dqg k= Iurp +614,/ wkh vljq ri d fdqqrw eh ghwhuplqhg1 Frpelqlqj
+5165, dqg G￿ A 3> zh nqrz wkdw eA3=
71 G￿ A 3>X S￿  3>   GG￿ ? 3= Lq wklv uhjlrq/ f lv qrupdo/ k lv lqihulru/ dqg
wkhuh lv Sduhwr frpsohphqwdulw| ehwzhhq wkh wzr1 Iurp +614,/ wkh vljq ri d
fdqqrw eh ghwhuplqhg1 Zkhq GG￿ ? 3>  ,6,S6
,66 G￿ fdq wdnh hlwkhu vljq1
Wkxv> dovr wkh vljq ri e fdqqrw eh ghwhuplqhg1
Wdeoh 4 olvwv wkh irxu uhjlrqv1 Wkh uvw froxpq jlyhv wkh vhwv ri uhvwulfwlrqv rq
w k hv s h f l  f d w l r qr iw k hp r g h o 1 W k hv h f r q gf r o x p qj l y h vw k hv l j qw k d wd dqg e fdq
srvvleo| wdnh1 Wkh wklug froxpq vwdwhv wkh lpsolfdwlrqv ri hdfk vhw ri uhvwulfwlrqv
iru frqvxpswlrq dqg ohlvxuh1 Wkh wdeoh vkrzv wkdw lqghwhuplqdf| dqg shuvlvwhqw uhdo
hhfwv ri prqhwdu| vkrfnv pd| srvvleo| dulvh lq hdfk ri wkh irxu uhjlrqv/ vlqfh  fdq
idoo ehwzhhq }hur dqg rqh1
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f dqg k SFK
@SV= Sduhwr vxevwlwxwhv1 KS F =S d u h w rf r p s o h p h q w v 1
71 Lv wkh Vkruw0Uxq Qrq0Qhxwudolw| ri Prqh| d Sodxvleoh RxwfrphB
Lq wklv vhfwlrq/ L dujxh wkdw lqghwhuplqdf| dqg shuvlvwhqw uhdo hhfwv ri prqhwdu|
vkrfnv uhtxluh xquhdvrqdeoh dvvxpswlrqv lq uhjlrq 4 dqg 7 ri wkh wdeoh/ zkloh wkh|
uhtxluh lpsodxvleoh sdudphwhu ydoxhv lq uhjlrqv 5 dqg 6/ xqghu frpprq vshflfdwlrqv
ri suhihuhqfhv dqg ri wkh wudqvdfwlrqv whfkqrorj|1 L dovr ghulyh suhylrxv uhvxowv lq wkh
olwhudwxuh dv vshflf fdvhv ri wkh uhvxowv ghulyhg lq wklv sdshu1
7141 Lqihulrulw| ri Frqvxpswlrq ru Ohlvxuh
Wdeoh 4 vkrzv wkdw lqghwhuplqdf| dqg shuvlvwhqw uhdo hhfwv ri prqhwdu| vkrfnv pd|
dulvh lq uhjlrqv 4 dqg 71 Lw dovr vkrzv wkdw wkhvh uhjlrqv duh fkdudfwhul}hg e| lqihulrulw|
ri frqvxpswlrq ru ohlvxuh/ zklfk lv dq xquhdvrqdeoh surshuw| ri d uhsuhvhqwdwlyh
djhqw pdfur prgho1 Lq d fduhixoo| vshflhg prgho/ zkhuh hlwkhu suhihuhqfhv ru wkh
wudqvdfwlrqv whfkqrorj| duh uhvwulfwhg wr hqvxuh qrupdolw|/ uhjlrqv 4 dqg 7 zrxog eh
uxohg rxw1 Lq wkh devhqfh ri wkhvh uhvwulfwlrqv/ krzhyhu/ lqghwhuplqdf| fdq eh irxqg
ehfdxvh ri dvvxpswlrqv wkdw ohdg wr lqihulrulw| ri rqh ri wkh jrrgv1
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qdf| lq d prqh|0lq0wkh0xwlolw| ixqfwlrq prgho zlwk fdslwdo/ xqghu frqvwdqw uhwxuqv wr
vfdoh lq surgxfwlrq dqg hlwkhu d sxuh lqwhuhvw udwh shj ru d frqvwdqw prqh| jurzwk
uxoh1 Wkh nh| wr wklv uhvxow lv d vlpsoh vshflfdwlrq ri suhihuhqfhv vxfk wkdw wkh oderu
vxsso| fxuyh +ghqhg dv d ixqfwlrq ri wkh uhdo zdjh/ kroglqj frqvxpswlrq frqvwdqw,
kdv d qhjdwlyh vorsh1 Vlqfh wkh prgho lv qrw deoh wr uhsolfdwh wkh pdlq idfwv derxw
prqh| ghpdqg xqghu wkdw vlpsoh vshflfdwlrq ri suhihuhqfhv/ wkh dxwkru dgrswv d
pruh jhqhudo vshflfdwlrq/ zklfk ohdgv wr lqghwhuplqdf| xqghu d uhdolvwlf fdoleudwlrq1
Vrvvrxqry ^65` qgv dq huuru lq Iduphu*v vroxwlrq ri wkh jhqhudo prgho dqg vkrzv
wkdw/ xqghu wkh dxwkru*v suhihuuhg sdudphwhul}dwlrq/ wkh prgho glvsod|v vdggoh0sdwk
vwdelolw|1 Krzhyhu/ wklv qglqj grhv qrw uxoh rxw wkh srvvlelolw| ri d uhdvrqdeoh sd0
udphwhul}dwlrq h{lvwlqj/ xqghu zklfk wkh oderu vxsso| fxuyh zrxog kdyh d qhjdwlyh
vorsh dqg uhdo lqghwhuplqdf| frxog lqghhg dulvh1
Lq zkdw iroorzv/ L frqvlghu d yhuvlrq ri Iduphu*v prgho zlwk qr fdslwdo1 Wkh suhvhqfh
ri fdslwdo zrxog dgg rqh pruh glphqvlrq wr wkh v|vwhp zlwkrxw fkdqjlqj wkh pdlq
frqfoxvlrqv1 Li wkh prqh|0lq0wkh0xwlolw| ixqfwlrq prgho lv mxvwlhg dv wkh uhgxfhg irup
ri d prgho lq zklfk prqh| uhgxfhv wudqvdfwlrqv frvwv/ dv vxjjhvwhg e| Iduphu/ wkh
dqdo|vlv ri vhfwlrq 5 dqg 6 fdq eh dssolhg1 Wkhq/ zh nqrz wkdw lqghwhuplqdf| pd|
dulvh xqghu d frqvwdqw prqh| jurzwk uxoh1 Qrqhwkhohvv/ L vkrz wkdw d vshflfdwlrq
ri suhihuhqfhv vxfk wkdw wkh oderu vxsso| fxuyh kdv d qhjdwlyh vorsh fruuhvsrqgv wr
wkh fdvh ri uhjlrq 4 lq wdeoh 4/ zkhuh frqvxpswlrq lv lqihulru1
Prqh|0lq0wkh0xwlolw| ixqfwlrq +PLXI, prghov duh zlgho| xvhg lq prqhwdu| hfrqrplfv
iru wkhlu dqdo|wlfdo frqyhqlhqfh1 Krzhyhu/ wkh| duh riwhq vhhq dv uhgxfhg irupv ri
pruh dffxudwh prghov/ zkhuh uhdo edodqfhv rqo| dhfw xwlolw| lqgluhfwo| e| idflolwdw0
lqj wudqvdfwlrqv1 Ihhqvwud ^57` vkrzv wkdw lw lv srvvleoh wr hvwdeolvk dq htxlydohqfh
ehwzhhq d wudqvdfwlrqv frvwv whfkqrorj| +WFW, prgho/ zkhuh xwlolw| rqo| ghshqgv
rq frqvxpswlrq/ dqg d PLXI prgho1 Fruuhld dqg Whohv ^53` h{whqg wklv htxlydohqfh
wr d prgho zkhuh suhihuhqfhv lq wkh WFW prgho duh ghqhg ryhu erwk frqvxpswlrq
dqg ohlvxuh/ dqg zkhuh wudqvdfwlrqv frvwv duh phdvxuhg lq xqlwv ri wlph1 D PLXI
prgho htxlydohqw wr wkh WFW prgho suhvhqwhg lq vhfwlrq 5 fdq eh exlow e| ghqlqj
Y +f|>p |>k K
|,  X+f|>k K
|  o+f|>p |,,> zkhuh kK
| lv wlph hqgrzphqw plqxv oderu dfwly0
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| @ k| . o+f|>p |,= Fruuhld dqg Whohv vkrz wkdw/ xqghu wkh dvvxpswlrqv
pdgh lq vhfwlrq 5 rq wkh wudqvdfwlrqv whfkqrorj|/ wkh PLXI prgho lv wkh uhgxfhg
irup ri wkh WFW prgho li Y

f>p>kK
vdwlvhv wkh iroorzlqj frqglwlrqv= Y lv frqfdyh/
YSS  3>Y 66  3>Y 6  3 dqg Y6￿K  31 Wkhuhiruh/ wkh hfrqrp| dqdo|}hg lq vhfwlrq




|Y +f|>p |>k K
|,> vxemhfw wr +518,/ +519,/ dqg +51:,1 Wklv
PLXI prgho dovr ghvfulehv wkh hfrqrp| frqvlghuhg lq Iduphu ^56`/ lq wkh fdvh zlwk
qr fdslwdo1 Iduphu fkrrvhv d glhuhqw wlplqj iru krxvhkrogv* ghflvlrqv1 Lq Dsshqgl{
D15/ lw lv dujxhg wkdw wklv glhuhqfh lv qrw uhohydqw iru wkh dqdo|vlv17
Zkhq wkh prgho xqghuo|lqj wkh PLXI lv d WFW prgho/ d qhjdwlyh vorsh ri wkh oderu
vxsso| fxuyh uhtxluhv vhwwlqj G￿ qhjdwlyh1 Wr vhh wklv/ qrwlfh wkdw wkh oderu vxsso|
fxuyh lv wkh ixqfwlrq wkdw uhodwhv wkh dprxqw ri oderu vxssolhg wr wkh uhdo zdjh/ iru
jlyhq sulfhv/ kroglqj wkh ohyho ri frqvxpswlrq frqvwdqw1 Lq wkh prgho ri vhfwlrq 5/ wklv
ixqfwlrq lv lpsolflwo| ghqhg e| htxdwlrq +5159,1 Wr fkdudfwhul}h lwv vorsh/ lpsolflwo|


















D qhfhvvdu| frqglwlrq iru wkh oderu vxsso| fxuyh wr vorsh grzq lv wkdw G￿ ? 3= Iurp
rxu suhylrxv dqdo|vlv/ zh nqrz wkdw G￿ ? 3 fdq lqgxfh d uhdo lqghwhuplqdf|1 Lw dovr
lpsolhv lqihulrulw| ri frqvxpswlrq1
7151 Qrupdolw| dqg Sduhwr Frpsohphqwdulw|
Lq wklv vhfwlrq/ L hydoxdwh zkhwkhu htxloleuld zlwk shuvlvwhqw uhdo hhfwv duh d sodxvleoh
rxwfrph lq uhjlrq 6 ri wdeoh 4/ zklfk lv fkdudfwhul}hg e| qrupdolw| ri wkh jrrgv dqg
hlwkhu vhsdudelolw| ri suhihuhqfhv +XS￿ @3 , ru qrq0vhsdudelolw| ri suhihuhqfhv dqg
Sduhwr frpsohphqwdulw| ehwzhhq frqvxpswlrq dqg ohlvxuh +XS￿ A 3,1 Wkhvh duh
frpprq dvvxpswlrqv lq exvlqhvv f|foh prghov/ zkrvh jhqhudo uhvxow lv ghwhuplqdf|
dqg vkruw0uxq qhxwudolw|1
Lv lw srvvleoh wr rewdlq lqghwhuplqdf| dqg shuvlvwhqw uhdo hhfwv ri prqhwdu| vkrfnv/
7Lw fdq dovr eh vkrzq wkdw/ xqghu wkh fkrlfh ri wlplqj dgrswhg khuh/ d uhdo lqghwhuplqdf| fdq
qhyhu dulvh xqghu d sxuh lqwhuhvw udwh shj1
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ohlvxuh duh qrupdo/ zh nqrz wkdw eA31 Wkhuhiruh/  fdq rqo| olh ehwzhhq }hur dqg
rqh li d?3= Iurp +5176,/ d fdq eh qhjdwlyh rqo| li po6
L￿￿
L￿ > hydoxdwhg dw wkh vwhdg|
vwdwh/ lv vx!flhqwo| odujh1 Wkh whup o6 uh hfwv wkh pdujlqdo hhfw ri d fkdqjh lq uhdo
edodqfhv rq wkh wlph vshqw wudqvdfwlqj dqg 0 lqgluhfwo| 0 rq surgxfwlrq1 Wklv whup
wdnhv d orz ydoxh xqghu sdudphwhul}dwlrqv wkdw uhsolfdwh klvwrulfdo gdwd rq wkh frvwv
ri kroglqj prqh| dv d vkduh ri qdwlrqdo lqfrph1 Gdwd rq wkh XV ryhu wkh shulrg
4<4804<<88 vxjjhvw dq dssur{lpdwh uhodwlrq ri lp @ =34 |1W k l vl p s r v h vdo r zy d o x h
rq po6 lq wkh prgho ri vhfwlrq 5/ vlqfh lq htxloleulxp po6 @ lp1
Wr vhh wkdw wkh orz klvwrulfdo ydoxh ri lp suhyhqwv po6
L￿￿
L￿ iurp ehlqj odujh hqrxjk/
L frpsxwh wkh ydoxh ri d xqghu wkh prvw iuhtxhqwo| xvhg vshflfdwlrqv ri suhihuhqfhv
dqg ri wkh wudqvdfwlrqv whfkqrorj|/ iru d uhdvrqdeoh fdoleudwlrq ri wkh sdudphwhuv1
Wdeoh 5 vkrzv wkh uhvxowv1
Wkh uvw froxpq olvwv wkh ixqfwlrqdo irupv dgrswhg iru suhihuhqfhv1 Wkh uvw lv d
vshflfdwlrq zlwk frqvwdqw uhodwlyh ulvn dyhuvlrq +FUUD,> wkh vhfrqg lv d vhsdudeoh
irupxodwlrq> wkh wklug lv d vshflfdwlrq zlwk frqvwdqw hodvwlflw| ri vxevwlwxwlrq +FHV,1
H{fhsw iru wkh vhsdudeoh vshflfdwlrq/ Sduhwr frpsohphqwdulw| lv hqvxuhg e| lpsrvlqj
?4= Lq wkh frpsxwdwlrqv uhsruwhg lq wkh wdeoh L vhw  @ =</ dowkrxjk vlplodu ydoxhv
iru d dulvh iru  @ =81 Iru hdfk vshflfdwlrq ri suhihuhqfhv/ wkh sdudphwhu  lv vhw
vxfk wkdw wkh dprxqw ri oderu vxssolhg dw wkh vwhdg| vwdwh lv durxqg rqh iwk ri wkh
wlph hqgrzphqw1
Wkh uvw urz ri wkh wdeoh olvwv ydulrxv vshflfdwlrqv ri wkh wudqvdfwlrqv whfkqrorj|/













Wkh sdudphwhuv duh uhvwulfwhg lq vxfk d zd| wkdw wkh dvvxpswlrqv rq wkh wudqvdfwlrqv
whfkqrorj| pdgh lq vhfwlrq 5 duh vdwlvhg1 Wklv lpsolhv wkdw % @5
s
 =Wkh srlqw




l> vr wkdw lw fkdqjhv zlwk wkh ydoxhv ri
wkh sdudphwhuv= Wkh sdudphwhu n jlyhv wkh ghjuhh ri krprjhqhlw| ri wkh wudqvdfwlrqv
8V h hG hI l r u h^ 5 4 ` 1
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lq wkh olwhudwxuh/ L dvvxph wkdw wkh srlqw ri ixoo oltxlglw| lv xqlwdu|/ zklfk uhtxluhv
wkdw  @ 1 Wkh vhfrqg fdvh lv wkh ixqfwlrq +714, zlwk n @3 1 Djdlq wkh srlqw ri
ixoo oltxlglw| lv vhw wr rqh1 Wkh odvw fdvh lv wkh ixqfwlrq +714, zlwk n @3dqg  @3 >
zklfk froodsvhv wr wkh vshflfdwlrq vxjjhvwhg e| Edxpro ^5` dqg Wrelq ^67`/ zkhuh
vdwldwlrq rqo| rffxuv dv uhdo edodqfhv frqyhujh wr lqqlw|1 Iru hdfk ri wkh wkuhh fdvhv/
wkh sdudphwhu  lv fkrvhq vxfk wkdw wkh vwhdg| vwdwh ydoxh ri ￿6
+ lv dssur{lpdwho| =341
Wklv fkrlfh dovr lpsolhv wkdw/ dw d 9 shufhqw qrplqdo lqwhuhvw udwh/ wkh vwhdg| vwdwh
lqwhuhvw hodvwlflw| ri prqh| ghpdqg dqg yhorflw| duh durxqg 0318 dqg 9 uhvshfwlyho|1
Wr frpsxwh wkh frh!flhqw d> L qhhg wr vhw wkh ydoxh ri wkh uhpdlqlqj sdudphwhuv lq
wkh prgho1 Wkh udwh ri wlph suhihuhqfh lv vhw wr  @ =<;= Wkh jurzwk udwh ri wkh
p r q h |v x s s o |l vf k r v h qd w @4 =34> zklfk fruuhvsrqgv wr d vwhdg| vwdwh qrplqdo
lqwhuhvw udwh ri 6 shufhqw1 Wdeoh 5 vkrzv wkdw wkh frh!flhqw d uhpdlqv dozd|v srvlwlyh
dqg deryh xqlw|1














FHV>  5 +3>4,





X @o qf .k
41399 4139: 41396
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Lw uhpdlqv wr hydoxdwh wkh sodxvlelolw| ri htxloleuld zlwk shuvlvwhqw uhdo hhfwv lq uhjlrq
5 ri wdeoh 4/ zkhuh frqvxpswlrq dqg ohlvxuh duh qrupdo dqg Sduhwr vxevwlwxwhv1
Pdwkhq| ^5<` qgv wkdw lqghwhuplqdf| dqg shuvlvwhqw uhdo hhfwv ri prqhwdu| vkrfnv
duh srvvleoh lq d fdvk0lq0dgydqfh +FLD, prgho zlwk frqvwdqw uhwxuqv wr vfdoh lq sur0
gxfwlrq/ li frqvxpswlrq dqg ohlvxuh duh Sduhwr vxevwlwxwhv=9 Lq d fdoleudwhg h{dpsoh/
zkhuh suhihuhqfhv duh dvvxphg wr eh FUUD/ wkh dxwkru qgv wkdw uhdo hhfwv ri prq0
hwdu| vkrfnv uhtxluh xquhdolvwlf ydoxhv ri wkh frh!flhqw ri uhodwlyh ulvn dyhuvlrq/ lq wkh
devhqfh ri wd{hv= Krzhyhu/ wkh dxwkru vkrzv wkdw wd{hv hqkdqfh wkh hhfw ri Sduhwr
vxevwlwxwdelolw|/ zkhq wkh hfrqrp| uhdfwv wr d prqhwdu| vkrfn1 Diwhu fdoleudwlqj
wd{hv dw wkhlu dfwxdo ydoxhv/ kh qgv shuvlvwhqw uhdo hhfwv ri prqhwdu| vkrfnv iru
ydoxhv ri wkh frh!flhqw ri uhodwlyh ulvn dyhuvlrq wkdw duh frqvlghuhg dffhswdeoh lq wklv
olwhudwxuh/ l1h1 ehwzhhq 5 dqg 81
Lq wkh jhqhudo irupxodwlrq ri wkh FLD prgho/ Pdwkhq| grhv qrw h{solflwo| lpsrvh wkh
uhvwulfwlrqv qhfhvvdu| wr hqvxuh qrupdolw| ri frqvxpswlrq dqg ohlvxuh1 Lq Dsshqgl{
D16/ L vkrz wkdw wkh jhqhudo frqglwlrqv ghulyhg e| wkh dxwkru xqghu zklfk prqh| lv
qrq0qhxwudo dovr lqfoxgh fdvhv zkhuh frqvxpswlrq lv lqihulru1 Qrqhwkhohvv/ wkh FUUD
vshflfdwlrq ri suhihuhqfhv xvhg lq wkh fdoleudwhg prgho lv vxfk wkdw frqvxpswlrq dqg
ohlvxuh duh qrupdo iru doo srvvleoh sdudphwhu ydoxhv1 Wkh FLD lv d olplwlqj fdvh ri
wkh WFW prgho/ zkhq wkh whfkqrorj| lv Ohrqwlhi1 Wkhuhiruh/ d FLD prgho xqghu d
FUUD vshflfdwlrq ri suhihuhqfhv ehorqjv wr uhjlrq 5 ri wdeoh 41
Pdwkhq|*v uhvxow vxjjhvwv wkdw lw vkrxog eh srvvleoh wr qg htxloleuld zlwk vkruw0
uxq qrq0qhxwudolw| ri prqh| xqghu sodxvleoh sdudphwhu ydoxhv/ lq uhjlrq 5 ri wdeoh
4 1W k hs u r e o h pz l w kw k hF L Dp r g h ol vw k d wl wl vx q d e o hw ru h s o l f d w hw k hp d l qi d f w v
derxw prqh| ghpdqg/ vxfk dv wkh lqwhuhvw hodvwlflw| ri prqh| ghpdqg/ yhorflw| dqg/
lq sduwlfxodu/ wkh frvw ri kroglqj prqh| dv d vkduh ri JGS1 Wkhvh ihdwxuhv pljkw
kdyh vwurqj lpsolfdwlrqv iru wkh g|qdplf surshuwlhv ri wkh v|vwhp/ dv wkh dqdo|vlv ri
vhfwlrq 715 vxjjhvw1 Lq zkdw iroorzv/ L dvn zkhwkhu htxloleulxp sdwkv zlwk shuvlvwhqw
9Lq Pdwkhq| +4<<;,/ wkh frqvwdqw uhwxuqv wr vfdoh dvvxpswlrq lv d vshflf fdvh ri d jhqhudo
whfkqrorj| wkdw fdq dovr glvsod| lqfuhdvlqj uhwxuqv1
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wkh rqo| glhuhqfh wkdw wkh FLD frqvwudlqw lv uhsodfhg e| d pruh jhqhudo wudqvdfwlrqv
whfkqrorj|/ zklfk lv fdoleudwhg wr uhsolfdwh wkh pdlq idfwv derxw prqh| ghpdqg1
Wkh prgho lv lghqwlfdo wr wkdw ri vhfwlrq 5/ h{fhsw wkdw wkh jryhuqphqw qrz qdqfhv
d frqvwdqw  rz ri jryhuqphqw h{shqglwxuh/ j> wkurxjk d wd{ rq frqvxpswlrq/ S> dqg
d wd{ rq lqfrph/ ?= Wkh krxvhkrog*v exgjhw frqvwudlqwv +518, ehfrph
S|f| +4 . S,.P|n￿ . E|n￿  P| .+ 4.l|,E| . S|z| +4  ?,q| . ]|>w  3=
Wkh suhvhqfh ri wkh wd{ rq frqvxpswlrq dovr dhfwv wkh wudqvdfwlrqv frvwv whfkqrorj|
+516,/ zklfk lv qrz jlyhq e|
v|  o+f|> h p|,>
zkhuh h p| @ 6|
￿n￿S= Wklv lv glvfxvvhg lq Gh Ilruh dqg Whohv ^55`1 Lq Dsshqgl{ D17/
L ghulyh wkh g|qdplf surshuwlhv ri wkh WFW prgho lq wkh suhvhqfh ri glvwruwlrqdu|
wd{hv/ vr wkdw L fdq frpsxwh qxphulfdo uhvxowv zkhq wd{hv duh dw wkhlu dfwxdo ydoxh1
Lq wkh fdoleudwhg h{dpsoh/ L dgrsw wkh vdph vshflfdwlrq ri suhihuhqfhv xvhg e|
Pdwkhq|/
X +f>k,@
f￿34 kbE￿34￿  4
4  
> +715,
zkhuh wkh dvvxpswlrq ri Sduhwr vxevwlwxwdelolw| lv uh hfwhg lq wkh uhvwulfwlrq wkdw
A4= L dovr dgrsw wkh vdph sdudphwhu ydoxhv= j+ @ j@| @ =58>@ =<;>@4 =34>
 @6 =78= Wkh sdudphwhu  lv vhohfwhg vr wkdw/ lq Pdwkhq|*v suhihuuhg fdvh/ zkhuh
S @ =38 dqg ? @ =6/ wkh vwhdg| vwdwh oderu vxsso| htxdov rqh iwk ri wkh wlph
hqgrzphqw1
Ilqdoo|/ L frqvlghu glhuhqw vshflfdwlrqv ri wkh wudqvdfwlrqv whfkqrorj|1 Wkh uvw
lv d Ohrqwlhi whfkqrorj|/ zklfk fruuhvsrqgv wr wkh olplwlqj fdvh ri d FLD frqvwudlqw1
Wkhq/ L frqvlghu wkh vdph wkuhh sduwlfxodu fdvhv ri wkh whfkqrorj| +714, wkdw zhuh
dqdo|}hg lq vhfwlrq 7151 Iru wkhvh fdvhv/ L fkrrvh wkh sdudphwhu  vxfk wkdw/ xqghu
Pdwkhq|*v suhihuuhg fdvh zlwk S @ =38> ? @ =6 dqg xqghu d prqhwdu| srolf| wkdw
vhwv wkh qrplqdo lqwhuhvw udwh dw 9 shufhqw + @4 =37,> wkh vwhdg| vwdwh ydoxhv ri wkh
frvw ri kroglqj prqh| dv d vkduh ri JGS/ wkh lqwhuhvw hodvwlflw| ri prqh| ghpdqg/
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n @3 > dqg  @ =339> zkhq n @4 1
Wdeoh 6 jlyhv wkh uhvxowv ri wkh qxphulfdo frpsxwdwlrqv1 Wkh uvw irxu froxpqv
ghvfuleh wkh fdvh ri wkh prgho zlwkrxw wd{hv1 Wkh odvw irxu froxpqv ghvfuleh wkh
uhvxowv xqghu wkh kljkhvw ohyho ri wd{hv xvhg e| Pdwkhq|/ S @ =38> ? @ =79> zklfk
lv dovr wkh prvw idyrudeoh fdvh wr lqghwhuplqdf|1 L ghqh ￿ dv wkh plqlpxp lqwhjhu
iru zklfk  5 +3>4,> vxfk wkdw shuvlvwhqw uhdo hhfwv ri prqh| vxsso| vkrfnv dulvh/
dqg ￿ dv wkh plqlpxp ydoxh iru zklfk lqghwhuplqdf| dulvhv dw doo/ l1h1 vxfk wkdw
 5 +4>4,1 Wkh wdeoh dovr vkrzv wkh fruuhvsrqglqj ydoxhv ri / dv iurp +5175,1
Wkh uvw urz uhsolfdwhv Pdwkhq|*v uhvxowv lq wkh olplwlqj fdvh ri d FLD prgho/ zkhuh
yhorflw| lv {hg dw rqh1 Zlwk qr wd{hv/ ydoxhv ri  dv kljk dv 69 duh qhfhvvdu|
wr h{sodlq wkh vkruw0uxq qrq0qhxwudolw| ri prqh|1 Zlwk wd{hv/ krzhyhu/ wkh fulwlfdo
frh!flhqw lv 6/ zklfk lv zlwklq wkh udqjh frqvlghuhg dffhswdeoh lq wklv olwhudwxuh1 Wkh
vhfrqg urz olvwv wkh uhvxowv lq d WFW prgho zlwk wkh vdph ghjuhh ri krprjhqhlw| dv
wkh FLD prgho/ zkhq vdwldwlrq rffxuv dw xqlw|1 Wkh frh!flhqw uhtxluhg lq rughu wr
h{sodlq uhdo shuvlvwhqfh ulvhv wr ;7/ lq wkh fdvh zlwkrxw wd{hv/ dqg wr 89 lq wkh fdvh
zlwk wd{hv1 Wkh wklug urz jlyhv wkh uhvxowv zkhq vdwldwlrq lv xqlwdu| dqg n @3 1W k h
fulwlfdo ydoxh iru wkh frh!flhqw ri ulvn dyhuvlrq uhpdlqv xquhdvrqdeo| kljk/ erwk lq
wkh fdvh zlwk dqg zlwkrxw wd{hv1 Wkh odvw urz vkrzv wkdw vlplodu uhvxowv dulvh zlwk d
wudqvdfwlrqv whfkqrorj| vxfk wkdw vdwldwlrq rffxuv dw dq duelwudulo| odujh ohyho ri uhdo
edodqfhv/ dv lq wkh Edxpro0Wrelq vshflfdwlrq1
Wdeoh 6= Fulwlfdo ydoxhv iru ￿ dqg ￿ 1@
S @3 ? @3 S @ =38 ? @ =79
FLD+n @4 ,
WFW +n @4 ,
WFW +n @3 ,





















@ Wkh ydoxhv duh rewdlqhg kroglqj frqvwdqw > > > j+1
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sdudphwhu ydoxhv lq uhjlrq 5 ri wdeoh 4/ xqghu dowhuqdwlyh vshflfdwlrqv ri suhihuhqfhv
ru ri wkh wudqvdfwlrqv whfkqrorj|1 Krzhyhu/ wdeoh 6 vkrzv wkdw wkh ohyho ri ￿ lv
vlplodu dfurvv glhuhqw dvvxpswlrqv rq wkh wudqvdfwlrqv whfkqrorj|1 Pruhryhu/ wdeoh
5 vkrzv wkdw erwk wkh vljq dqg wkh ydoxh ri wkh frh!flhqw d duh urexvw wr dowhuqdwlyh
vshflfdwlrqv ri suhihuhqfhv/ dv orqj dv wkh sdudphwhu  lv fdoleudwhg wr uhsolfdwh wkh
vdph oderu vkduh lq wkh wlph hqgrzphqw1 Wklv vxjjhvwv wkdw wkh uhvxowv rewdlqhg lq
wklv vhfwlrq vkrxog dovr h{whqg wr wkh dgrswlrq ri dowhuqdwlyh ixqfwlrqdo irupv1
81 Lqghwhuplqdf| lq Uhdo dqg Prqhwdu| Prghov
Wkh dqdo|vlv deryh vxjjhvwv wkdw lqghwhuplqdf| dqg htxloleuld zlwk vkruw0uxq qrq0
qhxwudolw| ri prqh| duh qrw olnho| wr eh irxqg lq wkh iudphzrun frqvlghuhg/ xqghu
uhdvrqdeoh prgho vshflfdwlrqv dqg fdoleudwlrqv1 Krzhyhu/ wkh dqdo|vlv vkrzv wkdw
lqghwhuplqdf| lv srvvleoh lq d prqhwdu| prgho zlwk frqvwdqw uhwxuqv wr vfdoh lq
surgxfwlrq1 Rq wkh frqwudu|/ lq d qhrfodvvlfdo prgho zlwk d uhdo vhfwru rqo|/ lqgh0
whuplqdf| fdqqrw dulvh zkhq surgxfwlrq lv frqvwdqw uhwxuqv wr vfdoh1 Wklv lv vkrzq
lq Ehqkdele dqg Iduphu ^7`1 Khuh/ L surylgh dq lqwxlwlrq iru zk| pxowlsoh vwdwlrq0
du| htxloleuld duh srvvleoh lq prqhwdu| prghov/ hyhq zkhq wkh| duh qrw srvvleoh lq
fruuhvsrqglqj uhdo prghov1
Ehqkdele dqg Iduphu ^7` vkrz wkdw wkh qhfhvvdu| dqg vx!flhqw frqglwlrqv iru lq0
ghwhuplqdf| wr dulvh lq wkhlu uhdo qhrfodvvlfdo prgho kdyh dq htxlydohqw lq whupv ri
vorshv ri wkh vwdwlf oderu ghpdqg dqg vxsso| fxuyhv1 Lq sduwlfxodu/ wkh frqglwlrq iru
lqghwhuplqdf| uhtxluhv wkh vorsh ri wkh oderxu ghpdqg fxuyh wr eh juhdwhu wkdq wkh
vorsh ri wkh oderxu vxsso| fxuyh1 Lq wkhlu prgho/ wklv kdsshqv zkhq wkhuh duh odujh
lqfuhdvlqj uhwxuqv wr vfdoh lq surgxfwlrq/ ehfdxvh lq wklv fdvh wkh oderxu ghpdqg
fxuyh kdv d srvlwlyh vorsh wkdw fdq eh odujhu wkdq wkh vorsh ri wkh oderu vxsso| fxuyh/
dv uhsuhvhqwhg lq jxuh 5/ sdqho d1
Iduphu ^56` dujxhv wkdw d vlplodu urxwh wr lqghwhuplqdf| iroorzv lq klv vlpsoh PLXI
prgho/ zkhuh erwk oderu dqg fdslwdo duh lqsxwv lq wkh surgxfwlrq ri wkh jrrg1 Kh
dujxhv wkdw/ zkhq wkh htxloleulxp frqglwlrq iru prqh| lv xvhg wr vxevwlwxwh rxw uhdo
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prgho frqvlghuhg e| Ehqkdele dqg Iduphu ^7`1 Wkhuhiruh/ kh frqfoxghv wkdw wkh
frqglwlrq iru lqghwhuplqdf| uhpdlqv wkh vdph/ qdpho| wkdw wkh oderu ghpdqg dqg
vxsso| vfkhgxohv furvv zlwk wkh zurqj vorshv1 Lq d prgho zlwk frqvwdqw uhwxuqv wr
vfdoh/ wkh oderu ghpdqg fxuyh kdv d qhjdwlyh vorsh/ dv ghslfwhg lq jxuh 5/ sdqho e1
Wkxv/ wkh rqo| fdvh lq zklfk wkh wzr fxuyhv fdq furvv zlwk wkh zurqj vorsh lv zkhq
suhihuhqfhv duh vxfk wkdw wkh oderu vxsso| fxuyh kdv d qhjdwlyh vorsh/ zklfk lv vwhhshu














Iurp wdeoh 4/ zh nqrz wkdw lqghwhuplqdf| fdq dulvh lq d zlgh udqjh ri fdvhv lq d
prqhwdu| prgho zlwk frqvwdqw uhwxuqv wr vfdoh1 Lw fdq dovr dulvh zkhq wkh vorsh ri wkh
oderu ghpdqg fxuyh lv orzhu wkdq wkh vorsh ri wkh uhgxfhg irup oderu vxsso| fxuyh1
Wr uhdol}h wklv/ frqvlghu wkh FLD prgho/ zkhq frqvxpswlrq dqg ohlvxuh duh qrupdo
dqg Sduhwr vxevwlwxwhv1 Wkh dvvxpswlrq ri d olqhdu whfkqrorj| lq oderu lpsolhv wkdw
wkhoderughpdqgfxuyhlvd dwolqh/z| @4 > zklfk lv qrw vkliwhg e| pryhphqwv lq




zkloh wkh exgjhw frqvwudlqwv dqg wkh FLD frqvwudlqwv duh jlyhq e|
S|f|+4 . S,.P|n￿ . E|n￿  P| .+4.l|,E| . S| +4  ?,z|q| . ]|>
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dqg +519,1 Khuh S lv wkh wd{ rq frqvxpswlrq dqg ? lv wkh wd{ rq lqfrph1 Wd{
uhyhqxhv duh xvhg wr qdqfh d frqvwdqw  rz ri jryhuqphqw h{shqglwxuhv/ j1W k h u v w
rughu frqglwlrqv ri wkh krxvhkrog lqfoxgh
XS +f|>4 q|,









Frqglwlrq +814, vkrzv wkdw wkh qrplqdo lqwhuhvw udwh dfwv dv d wd{ rq frqvxpswlrq
lq glvwruwlqj wkh frqvxpswlrq0ohlvxuh fkrlfh1 Dovr/ wkh frqglwlrq lpsolflwo| ghqhv
wkh oderu vxsso| fxuyh/ l1h1 wkh ixqfwlrq wkdw uhodwhv oderu wr wkh uhdo zdjh/ nhhslqj
frqvxpswlrq frqvwdqw1 Qrz/ ghqh wkh diwhu0wd{ uhdo zdjh dv $| @
E￿3￿?￿￿|
E￿n￿S￿E￿n￿|￿1E |













Xqghu qrupdolw| ri frqvxpswlrq dqg ohlvxuh/ G￿ A 3 dqg GS ? 3> vr wkdw wkh oderu
vxsso| fxuyh kdv d srvlwlyh vorsh/ zklfk lv juhdwhu wkdq wkh vorsh ri wkh oderu ghpdqg
fxuyh1 Dovr/ lw vkliwv wr wkh ohiw iroorzlqj dq lqfuhdvh lq frqvxpswlrq/ dv uhsuhvhqwhg
lq jxuh 61 Iurp wkh dqdo|vlv ri vhfwlrqv 6 dqg 716/ zh nqrz wkdw lqghwhuplqdf| dqg
shuvlvwhqw uhdo hhfwv ri prqhwdu| vkrfnv fdq dulvh lq wklv FLD prgho1
Dq lqwxlwlrq iru zk| lqghwhuplqdf| fdq dulvh lq vxfk d prgho vkrxog rxwolqh krz d
sdwk zlwk uhdo hhfwv ri prqhwdu| vkrfnv fdq eh frqvlvwhqw zlwk udwlrqdo h{shfwdwlrqv
dqg pdunhw fohdulqj1 Zkhq frqvxpswlrq dqg ohlvxuh duh qrupdo/ wkh lqlwldo lqfuhdvh lq
p zrxog lqgxfh dq lqfuhdvh lq f= W k hl q f u h d v hl qf z r x o gl qw x u qv k l i ww k ho d e r uv x s s o |
fxuyh wr wkh ohiw1 Wklv zrxog eh lqfrqvlvwhqw zlwk dq lqfuhdvh lq wkh htxloleulxp ohyho
ri oderu dqg zlwk pdunhw fohdulqj li wkh uhdo zdjh zhuh frqvwdqw/ dv lq d fruuhvsrqglqj
prgho zlwk d uhdo vhfwru rqo|1 Krzhyhu/ lq d prqhwdu| prgho/ wkh diwhu0wd{ uhdo zdjh lv
qrw frqvwdqw rq dq htxloleulxp sdwk zlwk shuvlvwhqw uhdo hhfwv1 Iurp wkh htxloleulxp
frqglwlrq/ G+f>4  f  j,@
E￿n￿S￿E￿n￿￿






+GS G￿, ? 3>
vr wkdw wkh htxloleulxp qrplqdo lqwhuhvw udwh kdv wr ghfuhdvh1 Li zh vwduw iurp d
srlqw zkhuh wkh qrplqdo lqwhuhvw udwh lv vwulfwo| srvlwlyh/ d vkliw wr wkh ohiw ri wkh
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pdunhw fohdulqj1
Frqvlghu wkh vlwxdwlrq ghslfwhg lq jxuh 61 Wkh suhvhqfh ri wd{hv rq prqh|/ frq0
vxpswlrq dqg lqfrph jhqhudwhv d zhgjh ehwzhhq wkh uhdo zdjh sdlg e| wkh up/
z| @4 > dqg wkh uhdo zdjh uhfhlyhg e| wkh djhqw1 Wkh lqlwldo vlwxdwlrq lv dw d srlqw
olnh D1 Iru d jlyhq ohyho ri wkh qrplqdo lqwhuhvw udwh/ dq lqfuhdvh lq p dqg f zrxog
ghfuhdvh oderu vxsso| +iurp D wr E,1 Krzhyhu/ wkh uhgxfwlrq lq wkh qrplqdo lqwhuhvw
udwh zrxog orzhu wkh glvwruwlrq lq wkh frqvxpswlrq0oderu fkrlfh/ vr wkdw wkh htxlole0
ulxp zrxog eh irxqg e| vkliwlqj xszdugv dorqj wkh qhz oderu vxsso| fxuyh1 Li wkh
lqlwldo ohyho ri wkh glvwruwlrq lv kljk/ dqg li d fkdqjh lq wkh diwhu0wd{ uhdo zdjh kdv d
elj lpsdfw rq wkh ghflvlrq wr vxsso| oderu/ wkh htxloleulxp txdqwlw| ri oderu fdq vwloo













Wklv sdshu kdv dqdo|}hg wkh srvvlelolw| ri uhdo lqghwhuplqdf| dqg htxloleuld zlwk
vkruw0uxq qrq0qhxwudolw| ri prqh|/ dv revhuyhg lq wkh gdwd/ lq d wudqvdfwlrqv whfkqro0
rj| prgho zlwk  h{leoh sulfhv/ frqvwdqw uhwxuqv wr vfdoh lq surgxfwlrq dqg frqvwdqw
prqh| jurzwk uxohv1
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uhjlrqv ri wkh sdudphwhu vsdfh1 Wzr uhjlrqv duh fkdudfwhul}hg e| lqihulrulw| ri frq0
vxpswlrq ru ohlvxuh dqg vkrxog wkhuhiruh eh uxohg rxw e| uhvwulfwlqj wkh vshflfdwlrq
ri wkh prgho1 Wkh uhpdlqlqj wzr uhjlrqv duh fkdudfwhul}hg e| qrupdolw| ri wkh jrrgv1
Krzhyhu/ shuvlvwhqw uhdo hhfwv uhtxluh lpsodxvleoh sdudphwhu ydoxhv/ xqghu frpprq
vshflfdwlrqv ri suhihuhqfhv dqg ri wkh wudqvdfwlrqv whfkqrorj|1
Lw kdv dovr ehhq dujxhg wkdw lqghwhuplqdf| dqg htxloleuld zlwk vkruw0uxq qrq0qhxwudolw|
kdyh suhylrxvo| ehhq irxqg lq wkh olwhudwxuh xqghu vshflf prgho dvvxpswlrqv/ zklfk
lpso| hlwkhu lqihulrulw| ri frqvxpswlrq ru dq lpsodxvleo| kljk frvw ri kroglqj prqh|
dv d vkduh ri JGS1 Xqghu pruh uhdvrqdeoh dvvxpswlrqv/ wkh prgho ohdgv wr ghwhupl0
qdf| dqg vkruw0uxq qhxwudolw|1
Ilqdoo|/ dq lqwxlwlyh h{sodqdwlrq kdv ehhq jlyhq iru zk| uhdo lqghwhuplqdf| fdq dulvh
lq prqhwdu| prghov/ hyhq zkhq lw fdqqrw dulvh lq fruuhvsrqglqj uhdo prghov1 Wkh
lqwxlwlrq lv edvhg rq wkh uroh ri wkh qrplqdo lqwhuhvw udwh dv d wd{ wkdw glvwruwv oderu
ghflvlrqv1
D odujh qxpehu ri dxwkruv kdyh dqdo|}hg wkh srvvlelolw| ri lqghwhuplqdf| lq dowhu0
qdwlyh yhuvlrqv ri wkh vwdqgdug exvlqhvv f|foh prgho zlwkrxw prqh|1 Wklv olwhudwxuh
kdv vkrzq wkdw wkh ghjuhh ri lqfuhdvlqj uhwxuqv wr vfdoh wkdw lv qhfhvvdu| wr rewdlq
lqghwhuplqdf| lv vxevwdqwldoo| orzhu zkhq/ iru lqvwdqfh/ zh doorz iru fdsdflw| xwlol}d0
wlrq ru iru wkh suhvhqfh ri glhuhqw vhfwruv lq surgxfwlrq1 Rqh srvvleoh h{whqvlrq ri
wklv sdshu zrxog eh wr lqwurgxfh fdslwdo dqg fdsdflw| xwlol}dwlrq/ ru pxowlsoh vhfwruv/
lqwr d prqhwdu| prgho zlwk frqvwdqw uhwxuqv wr vfdoh1
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^4` Edvx/ V1/ Ihuqdog M1 J1= Uhwxuqv wr Vfdoh lq X1V1 Surgxfwlrq= Hvwlpdwhv dqg
Lpsolfdwlrqv/ Mrxuqdo ri Srolwlfdo Hfrqrp| 438+5,/ 57<05;6 +4<<:,1
^5` Edxpro/ Z1 M1= Wkh Wudqvdfwlrqv Ghpdqg iru Fdvk= Dq Lqyhqwru| Wkhruhwlf
Dssurdfk/ Txduwhuo| Mrxuqdo ri Hfrqrplfv 99/ 8780889 +4<85,1
^6` Ehdxgu|/ S1/ Ghyhuhx{/ P1= Prqrsrolvwlf Frpshwlwlrq/ Sulfh Vhwwlqj/ dqg wkh
Hhfwv ri Uhdo dqg Prqhwdu| Vkrfnv/ Xqlyhuvlw| ri Eulwlvk Froxpeld Ghsduwphqw
ri Hfrqrplfv Zrunlqj Sdshu/ <6067 +4<<6,1
^7` Ehqkdele/ M1/ Iduphu/ U1= Lqghwhuplqdf| dqg Lqfuhdvlqj Uhwxuqv/ Mrxuqdo ri
Hfrqrplf Wkhru| 96/ 4<074 +4<<7,1
^8` Ehqkdele/ M1/ U1 Iduphu= Wkh Prqhwdu| Wudqvplvvlrq Phfkdqlvp/ Uhylhz ri
Hfrqrplf G|qdplfv/ iruwkfrplqj/ +5333,1
^9` Ehqkdele/ M1/ Vfkplww0Jurkh/ V1/ Xuleh/ P1= Prqhwdu| Srolf| dqg Pxowlsoh Htxl0
oleuld/ FHSU Glvfxvvlrq Sdshu q1 5649 +4<<<,1
^:` Eodfn/ I1= Xqltxhqhvv ri wkh Sulfh Ohyho lq d Prqhwdu| Jurzwk Prgho zlwk
Udwlrqdo H{shfwdwlrqv/ Mrxuqdo ri Hfrqrplf Wkhru| :/ 86098 +4<:7,1
^;` Eurfn/ Z1= Prqh| dqg Jurzwk= Wkh Fdvh ri Orqj Uxq Shuihfw Iruhvljkw/ Lqwhu0
qdwlrqdo Hfrqrplf Uhylhz 4:/ :830:::/ +4<:7,1
^<` Eurfn/ Z1= D Vlpsoh Shuihfw Iruhvljkw Prqhwdu| Prgho/ Mrxuqdo ri Prqhwdu|
Hfrqrplfv 4+5,/ 466083 +4<:8,1
^43` Fdoyr/ J1= Rq Prghov ri Prqh| dqg Shuihfw Iruhvljkw/ Lqwhuqdwlrqdo Hfrqrplf
Uhylhz 53/ ;60436 +4<:<,1
^44` Fdoyr/ J1= Vwdjjhuhg Sulfhv lq d Xwlolw| Pd{lpl}lqj Iudphzrun/ Mrxuqdo ri
Prqhwdu| Hfrqrplfv 45/ 6;606<; +4<;6,1
^45` Fduovwurp/ F1/ Ixhuvw/ W1= Wlplqj dqg Uhdo Lqghwhuplqdf| lq Prqhwdu| Prghov/
Zrunlqj Sdshu <<43/ Ihghudo Uhvhuyh Edqn ri Fohyhodqg +4<<<,1
ECB Working Paper No 32 l  September 2000                                                                      37^46` Fduovwurp/ F1/ Ixhuvw/ W1= Iruzdug Orrnlqj Yhuvxv Edfnzdug0Orrnlqj Wd|oru
Uxohv/ Plphr/ Ihghudo Uhvhuyh Edqn ri Fohyhodqg +5333,1
^47` Fkdul/ Y1/ Fkulvwldqr/ O1/ Nhkrh/ S1= Rswlpdolw| ri wkh Iulhgpdq Uxoh lq
Hfrqrplhv zlwk Glvwruwlqj Wd{hv/ Mrxuqdo ri Prqhwdu| Hfrqrplfv 6:/5 3 6 0 5 5 6
+4<<9,1
^48` Fkdul/ Y1/ Nhkrh/ S1/ PfJudwwdq/ H1= Vwlfn| Sulfh Prghov ri wkh Exvlqhvv F|foh=
Fdq wkh Frqwudfw Pxowlsolhu Vroyh wkh Shuvlvwhqfh SureohpB/ Ihghudo Uhvhuyh
Edqn ri Plqqhdsrolv Uhvhdufk Ghsduwphqw Vwd Uhsruw 54: +4<<9,1
^49` Fkulvwldqr/ O1/ Hlfkhqedxp/ P1= Oltxlglw| Hhfwv dqg wkh Prqhwdu| Wudqvplv0
vlrq Phfkdqlvp/ Dphulfdq Hfrqrplf Uhylhz ;5+5,/ 679086 +4<<5,1
^4:` Fkulvwldqr/ O1/ Hlfkhqedxp/ P1= Oltxlglw| Hhfwv/ Prqhwdu| Srolf| dqg wkh
Exvlqhvv F|foh/ Mrxuqdo ri Prqh|/ Fuhglw dqg Edqnlqj 5:+7,/ 4446069 +4<<8,1
^4;` Fkulvwldqr/ O1/ Hlfkhqedxp/ P1/ Hydqv/ F1= Vwlfn| Sulfh dqg Olplwhg Sduwlf0
lsdwlrq Prghov ri Prqh|= D Frpsdulvrq/ Hxurshdq Hfrqrplf Uhylhz 74+9,/
453407< +4<<:,1
^4<` Fruuhld/ L1 dqg Whohv/ S1= Lv wkh Iulhgpdq Uxoh Rswlpdo zkhq Prqh| lv dq
Lqwhuphgldwh JrrgB/ Mrxuqdo ri Prqhwdu| Hfrqrplfv 6;+5,/ 556077 +4<<9,1
^53` Fruuhld/ L1/ Whohv/ S1= Wkh Rswlpdo Lq dwlrq Wd{/ Uhylhz ri Hfrqrplf G|qdplfv
5+5,/ 658079 +4<<<,1
^54` Gh Ilruh/ I1= Wkh Rswlpdo Lq dwlrq Wd{ zkhq Wd{hv duh Frvwo| wr Froohfw/
Plphr/ Hxurshdq Fhqwudo Edqn +5333,1
^55` Gh Ilruh/ I1/ Whohv/ S1= Wkh Rswlpdo Pl{ ri Wd{hv rq Prqh|/ Frqvxpswlrq dqg
Lqfrph/ Zrunlqj Sdshu 50<</ Edqfr gh Sruwxjdo +4<<<,1
^56` Iduphu/ U1= Prqh| lq d Uhdo Exvlqhvv F|foh Prgho/ Mrxuqdo ri Prqh|/ Fuhglw
dqg Edqnlqj 5<+7,/ 89;0944 +4<<:,1
^57` Ihhqvwud U1= Ixqfwlrqdo Htxlydohqfh ehwzhhq Oltxlglw| Frvwv dqg wkh Xwlolw| ri
Prqh|/ Mrxuqdo ri Prqhwdu| Hfrqrplfv 4:/ 5:40<4 +4<;9,1
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Hfrqrplfv 5<+4,/ 6057 +4<<5,1
^59` Nhkrh/W1/ Ohylqh/ G1= Frpsdudwlyh Vwdwlfv dqg Shuihfw Iruhvljkw lq Lqqlwh
Krul}rq Hfrqrplhv/ Hfrqrphwulfd 86+5,/ 766086 +4<;8,1
^5:` Ohhshu/ H1= Htxloleuld xqghu *Dfwlyh* dqg *Sdvvlyh* Prqhwdu| dqg Ilvfdo Srolflhv/
Mrxuqdo ri Prqhwdu| Hfrqrplfv 5:+4,/ 45<07: +4<<4,1
^5;` Oxfdv/ U1= Oltxlglw| dqg Lqwhuhvw Udwhv/ Mrxuqdo ri Hfrqrplf Wkhru| 83+5,/
56:097 +4<<3,1
^5<` Pdwkhq|/ N1= Qrq0Qhxwudo Uhvsrqvhv wr Prqh| Vxsso| Vkrfnv zkhq Frqvxps0
wlrq dqg Ohlvxuh duh Sduhwr Vxevwlwxwh/ Hfrqrplf Wkhru| 44/ 6:<0735/ +4<<;,1
^63` Pxooljdq/ F1 dqg [1 Vdod0l0Pduwlq= Wkh Rswlpxp Txdqwlw| ri Prqh|= Wkhru|
dqg Hylghqfh/ Mrxuqdo ri Prqh|/ Fuhglw dqg Edqnlqj 5<+7,/ 9;:0:48 +4<<:,1
^64` Revwihog/ P1 dqg N1 Urjr= Vshfxodwlyh K|shulq dwlrqv lq Pd{lpl}lqj Prghov=
Fdq Zh Uxoh Wkhp RxwB/ Mrxuqdo ri Srolwlfdo Hfrqrp| <4+7,/ 9:80;: +4<;6,1
^65` Vxvvrxqry/ N1= Dqdo|}lqj Lqghwhuplqdf| lq d Uhdo Exvlqhvv F|foh Prgho zlwk
Prqh|/ Mrxuqdo ri Prqhwdu| Hfrqrplfv/ iruwkfrplqj1
^66` Wd|oru/ M1= Hvwlpdwlrq dqg Frqwuro ri d Pdfurhfrqrplf Prgho zlwk Udwlrqdo
H{shfwdwlrqv/ Hfrqrphwulfd 7:+8,/ 459:0;9 +4<:<,1
^67` Wrelq/ M1= Wkh Lqwhuhvw Hodvwlflw| ri wkh Wudqvdfwlrqv Ghpdqg iru Fdvk/ Uhylhz
ri Hfrqrplfv dqg Vwdwlvwlfv 6;/ 574057: +4<89,1
^68` Zrrgirug/ P1= Prqhwdu| Srolf| dqg Sulfh Ohyho Ghwhuplqdf| lq d Fdvk0lq0
Dgydqfh Hfrqrp|/ Hfrqrplf Wkhru| 7+6,/ 6780;3 +4<<7,1
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D141 Vhfrqg Rughu Frqglwlrqv
Lq wkh vwhdg| vwdwh/ wkh krxvhkrog exgjhw frqvwudlqw fdq eh uhzulwwhq dv
f . lp @4 k  o+f>p,=
Xvlqj wklv frqvwudlqw wr vxevwlwxwh rxw ohlvxuh lq wkh xwlolw| ixqfwlrq/ wkh krxvhkrog*v
sureohp fdq eh vlpsolhg wr
pd{
Sc6 X +f>4  f  lp o+f>p,,
Wkh vhfrqg ghulydwlyhv/ hydoxdwhg dw wkh vwhdg| vwdwh ohyho/ duh
C2X






Iru wkh vwhdg| vwdwh wr eh d pd{lpxp zh qhhg wkh xsshu0ohiw hohphqw ri wkh Khvvldq
wr eh qhjdwlyh dqg wkh ghwhuplqdqw wr eh srvlwlyh/ wkdw lv=
GS  GG￿  oSS ? 3>







L vkrz wkdw wkh wlplqj ri krxvhkrogv* ghflvlrqv lv qrw fuxfldo wr wkh g|qdplf dqdo|vlv
dqg wr wkh frqfoxvlrqv ri vhfwlrq 7141 Zlwk wkh wlplqj dgrswhg lq Iduphu ^56`/ wkh
krxvhkrog*v exgjhw frqvwudlqw +518, wdnhv wkh irup
S|f| . P| .E|  P|3￿ .+4.l|3￿,E|3￿ . S|z|q| . ]|>w  4=
E| ghulylqj wkh uvw0rughu frqglwlrqv ri wkh krxvhkrog dqg e| lpsrvlqj wkh htxlole0
ulxp frqglwlrqv/ lw fdq eh vkrzq wkdw wkh vwhdg| vwdwh dqdo|vlv lv xqfkdqjhg1 Wkh
rqo| glhuhqfh lv wkdw wkh rssruwxqlw| frvw ri kroglqj rqh xqlw ri uhdo edodqfhv lq wklv
p r g h ol vj l y h qe |L| @ ￿|
￿n￿|> udwkhu wkdq e| l|= Wkxv/ wkh qxpehu ri vwhdg| vwdwhv lv
xqdhfwhg/ dv zhoo dv wkh frqglwlrqv iru qrupdolw| ri frqvxpswlrq dqg ohlvxuh1
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prqh| fkdqjh lq d qrq hvvhqwldo zd|1 Lq sduwlfxodu/ wkh h{suhvvlrq iru  lq htxdwlrq
+5175, lv qrz jlyhq e|  @ @nK
@ > zkhuh d dqg e duh vwloo ghqhg e| +5176, dqg +5177,1
Wkhuhiruh/  5 +3>4, uhtxluhv wkdw hlwkhu dA3>e?3> dqg eAd >ru d?3>eA3>
dqg e?d =Wkhvh frqglwlrqv duh pruh uhvwulfwlyh wkdq wkrvh rewdlqhg lq vhfwlrq
51 Wkhuhiruh/ wkh fkrlfh ri wkh wlplqj lq wklv sdshu grhv qrw uhvwulfw wkh uhjlrq ri
sdudphwhu ydoxhv xqghu zklfk lqghwhuplqdf| fdq dulvh/ qhlwkhu lw fkdqjhv wkh uhodwlrq
ehwzhhq lqghwhuplqdf| dqg qrupdolw| ri frqvxpswlrq dqg ohlvxuh1
D161 Wkh FLD Prgho
L vkrz wkdw wkh jhqhudo frqglwlrqv ghulyhg e| Pdwkhq| xqghu zklfk prqh| lv qrq0
qhxwudo lq d FLD prgho dovr lqfoxgh fdvhv zkhuh frqvxpswlrq lv lqihulru1 Lq klv
hfrqrp|/ olihwlph xwlolw| lv ghvfulehg e|
" [
|’f
|X+f|>4  q|,> +D14,
zkloh wkh exgjhw frqvwudlqwv dqg wkh FLD frqvwudlqwv duh jlyhq e|
S|f| +4 . S,.P|n￿  P| . S| +4  ?,z|q| . ]|> +D15,
S|f| +4 . S,  P| . ]|> +D16,
dqg +519,1 S lv wkh wd{ rq frqvxpswlrq/ ? lv wkh wd{ rq lqfrph/ zkloh wkh uhpdlqlqj
yduldeohv kdyh wkh vdph phdqlqj dv lq vhfwlrq 51 Lq Pdwkhq| ^5<`/ frqvwdqw uhwxuqv
wr vfdoh duh d vshflf fdvh ri d whfkqrorj| wkdw fdq dovr glvsod| lqfuhdvlqj uhwxuqv1
Khuh/ L irfxv rq wkh fdvh zlwk frqvwdqw uhwxuqv wr vfdoh/ || @ q|= Lw lv dvvxphg wkdw
l, wkh frqvwdqw  rz ri jryhuqphqw vshqglqj j> S> dqg ? duh vhw lqghshqghqwo| iurp
wkh prqh| jurzwk udwh > ll, wkh qrplqdo lqwhuhvw udwh l lv vwulfwo| srvlwlyh> lll, E| @3 >
iru doo w1:
Wkh sureohp ri wkh krxvhkrog lv wr pd{lpl}h +D14,/ vxemhfw wr +D15, dqg +D16,/
wdnlqj Pf dv jlyhq1 Xvlqj wkh htxloleulxp frqglwlrqv f| . j @ || @ q| dqg p| @
:Erqgv dqg wkh qrplqdo lqwhuhvw udwh gr qrw hqwhu wkh exgjhw frqvwudlqwv lq Pdwkhq|*v prgho1
Xqghu dvvxpswlrqv l,0lll,/ wkh g|qdplf surshuwlhv ri wkh v|vwhp duh xqfkdqjhg lq d irupxodwlrq zlwk
ru zlwkrxw erqgv1
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wlrq fdq eh ghulyhg dv







q|n￿X￿+q|n￿>4  q|n￿,G+q|n￿>4  q|n￿,= +D17,








q dw wkh xqltxh vwhdg| vwdwh zkhuh prqh| lv ydoxhg> lw iroorzv wkdw
gq|n￿
gq|








Lq wkh FLD prgho/ zkhuh wkh wudqvdfwlrqv whfkqrorj| lv Ohrqwlhi/ wkh vhfrqg rughu
frqglwlrqv duh vlpso| jlyhq e| wkh uhtxluhphqw ri frqyh{ lqglhuhqfh fxuyhv/ @





qrupdolw| ri frqvxpswlrq dqg ohlvxuh uhtxluhv uhvshfwlyho| wkdw G￿ A 3 dqg GS ? 31
Lqghwhuplqdf| dqg shuvlvwhqw uhdo hhfwv ri prqhwdu| vkrfnv fdq rqo| dulvh zkhq
S 5 +3>4,1 Frqvlghu uvw wkh fdvh zkhuh XS￿ A 3= Wkhq/ GS  G￿ ? 3> zkloh
G^q+XS￿  X￿￿,.X￿` A 3> vr wkdw S @ 5 +3>4,= Dv srlqwhg rxw e| Pdwkhq|/ XS￿ ? 3
lv d qhfhvvdu| frqglwlrq iru lqghwhuplqdf| dqg uhdo hhfwv wr dulvh lq wkh FLD prgho1
Krzhyhu/ zkhq XS￿ ? 3> S fdq olh ehwzhhq }hur dqg rqh lq wkuhh glhuhqw fdvhv=
41 XS￿ ? 3>G S ? 3>G ￿ ? 3>G S G￿ B 3= Wkhq/ f lv lqihulru dqg k lv qrupdo1
51 XS￿ ? 3>G S ? 3>G ￿ A 3>G S G￿ ? 3= Wkhq/ f dqg k duh qrupdo1
61 XS￿ ? 3>G S A 3>G ￿ A 3>G S G￿ ? 3= Wkhq/ f lv qrupdo dqg k lv lqihulru1
Pdwkhq| lpsrvhv d }hur hodvwlflw| ri wkh orqj uxq oderu vxsso| zlwk uhvshfw wr
wkh uhdo zdjh +Dvvxpswlrq 4 lq klv sdshu,/ ehfdxvh wklv hqvxuhv wkdw suhihuhqfhv duh



















G3￿> dqg uhduudqjlqj/ lw iroorzv wkdw GS @ ￿
SG?3= Wkhuhiruh/ wkh }hur hodvwlflw|
ri wkh orqj uxq oderu vxsso| hqvxuhv qrupdolw| ri ohlvxuh/ exw lw grhv qrw hqvxuh
qrupdolw| ri frqvxpswlrq1
D171 Wkh WFW Prgho zlwk Wd{hv
Wkh hfrqrp| lv lghqwlfdo wr wkh rqh ghvfulehg lq vhfwlrq 5/ zlwk wkh h{fhswlrq wkdw
wkh jryhuqphqw qdqfhv d jlyhq  rz ri h{shqglwxuhv j e| udlvlqj uhyhqxhv iurp d wd{
rq lqfrph/ ?> dqg d wd{ rq frqvxpswlrq/ S= Djdlq/ L lpsrvh wkdw E| @3 > iru doo
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huhqfhv uhodwlyh wr Pdwkhq| ^5<`/ L pdnh wkh vdph dvvxpswlrq
wkdw j> S> dqg ? duh vhw lqghshqghqwo| iurp wkh prqh| jurzwk udwh1 Vlqfh wkh
frqvxpswlrq wd{ lv sdlg zlwk fdvk/ wkh wudqvdfwlrqv whfkqrorj| ehfrphv
v|  o+f|> h p|,> +D19,
zkhuh h p| @ 6|
￿n￿S= Vlplodu dvvxpswlrqv wr wkrvh pdgh lq vhfwlrq 514 rq o+w, krog1 Wkh
krxvhkrog*v exgjhw frqvwudlqwv iru w  3 duh jlyhq e|
S|f| +4 . S,.P|n￿ .E|n￿  P| .+4.l|,E| .S|z|+4  ?,q| .]|>w  3= +D1:,
Wkh sureohp ri wkh krxvhkrog lv ghqhg e| wkh pd{lpl}dwlrq ri +514,/ vxemhfw wr




4.z|oS +f|> h p|,
z|
>






^4  z|n￿oh 6 +f|n￿> h p|n￿,`>
zkhuh   ￿3￿?
￿n￿S = Iroorzlqj d vlplodu dqdo|vlv dv lq vhfwlrq 515/ h{suhvvlrqv htxlydohqw






oSh 6 +w,.oh 6 +w,G￿ +w,







































zkhuh wkh vxevfulsw +iru yduldeohv, ru vxshuvfulsw +iru ixqfwlrqv,  ghqrwhv wkh yduldeoh
ru ixqfwlrq lq wkh fdvh zlwk wd{hv/ zklfk fruuhvsrqgv wr wkh yduldeoh ru ixqfwlrq
rewdlqhg lq vhfwlrq 5151

































































































































































































































































































































































































































































32   "Can indeterminacy explain the short-run non-neutrality of money?" by F. De Fiore,     
!(	
&===